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Instructions:

1.

© ©® N o

Each candidate is provided with the following documents:

1.1 Question paper including cover page — 22 pages

1.2 One sheet of draft paper

Fill in your JAE No., campus, building, room and seat no. on the front page of the examination
paper.

There are 5 questions in this paper, each carries 20 marks. Answer any 3 questions. Full mark
of this paper is 60.

Put your answers in the lined pages provided. Answers put elsewhere will not be marked.
Show all your steps in getting to the answer. Full credits will be given only if the answer and
all the steps are correct and clearly shown.

The diagrams in this examination paper are not drawn to scale.

Calculators of any kind are not allowed in the examination.

Answer the questions with a blue or black ball pen.

Candidates must return the question paper and draft paper at the end of the examination.
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Answer any 3 questions, each carries 20 marks. Write down the answers on the 3 lined pages
following each question.

1.

4ot Bl#7tor > ABCD 5 #2; » PA €2 ABCD > LDABzéABC:% » |AD|=1 >

|PA|=|AB|=|BC|=2 - % M % % PC ¥ 8t o

(@) () = &2, PBD e 4 o (6 %)
(i) $= 4444 P-ABD s B8 ## > &7 KB A 2 T 5 PBD jEdg - (4 »)
(b) #
()CB L2 T & PAB - B ~)

(i) DM ¥ L 5 PAB * {7 -
[#7:3%k N5 PBee 8o #@ ADMN £ - & = 3) < ] (7 5)
As shown in the above figure, ABCD is a trapezoid, PA is perpendicular to ABCD,

4DAB=4ABC=%, | AD|=1, |PA|=|AB|=|BC|= 2. Let M be the midpoint of PC.

(@) (i) Find the area of the triangle PBD . (6 marks)
(ii) Find the volume of the triangular pyramid P-ABD, and hence find the
distance from point A to the plane PBD . (4 marks)
(b) Show that
(i) CB is perpendicular to the plane PAB ; (3 marks)
(i) DM is parallel to the plane PAB ;
[Hint: Let N be the midpoint of PB. Show that ADMN is a rectangle.] (7 marks)



2. @% f(x)=2x3—9x2+12x—5 ¢

(i) & ) 2 f(x) - 2 ~)
(ii) & f(x) hh 4m < Efrkh 04E] & o 4 )
(iii) o %8 y=f(x) iz gk - 2 »)
(iV)E o5 y=f(x) -1<x<3- (3 ~)
(v) ghd R y=f(xD-1>-1<x<3- 1)

(b) Fod & Sy =—x*+3x % & B y=2x>—x%—5x¥7¢ Flen®H B G ff o (84)

(a) Let f(x) = 2x3 —9x% + 12x — 5.

(i) Find f'(x) and f"'(x). (2 marks)
(i) Find the local maximum and local minimum values of f(x). (4 marks)
(iii) Find the inflection point of the curve y = f(x). (2 marks)
(iv) Sketch the curve y = f(x), -1 < x < 3. (3 marks)
(v) Sketchthecurve y = f(|x|) —1,-1 < x < 3. (1 marks)

(b) Find the area of the region bounded by the curves y = —x? + 3x and

y = 2x3 — x? — 5x. (8 marks)



3.

¢ drPete R PIx? =8y o
(@) FE M Liy=mx+c HHp AP i > %P c=-2m° - (4~)
MFR L 2 LAPFrRP 5aEr Frm > A5 085 m 2 m,

2 4p 2>k A(h,k) o

(l)-j\f!i‘.hA’ié';':‘-'l m % m, 35T o (6/v\)
() L % Ly et h i 70 Ag A o 5 4)
) F L3 Loatis Dam =2 kA (52)

Given parabola P: x* =8y.
(a) If the straight line L:y=mx +c is tangent to the parabola P, show that ¢ =—-2m’. (4 marks)

(b) Suppose L, and L, are two different tangent lines of P with slopes m, and m,,

respectively, and intersect at point A(h,Kk) .

(i) Find the point A, giving your answer in terms of m, and m, . (6 marks)
(ii) If the angle between L, and L, is % find the locus of point A. (5 marks)
(iii) If the angle between L, and L, is % and m,; = 2, find the point A. (5 marks)



4, (@) ¢ wEE ;N sin(X+Y) =sinXcosY + cosXsinY » P {55

A-B
2

o

sinA +sinB =2$inA%Bcos
(b)zx A+B+C=m> %M sinA+sinB+sinC =4cos§cos§cosg o
©@) * &Fhyiz FEPHEZLLFn
2sinx [cos x + cos 3x + -+ cos(2n — 1)x] = sin 2nx -

(ii) * (i) ens % > f# cosx+cos3x+cosbx=0 » ¥ 0<x<2m-

(a) Given the identity sin(X +Y) = sin X cosY + cos X sinY. Prove the identity

, . . A+B A-B
sinA +sinB =2 sin—=cos —.

(b) Suppose A+ B + C = m. Show that sinA + sinB + sinC =4 cosgcosgcos g

(c) (i) Use mathematical induction to show that for any positive integer n,
2sinx [cos x + cos 3x + -+ 4+ cos(2n — 1)x] = sin 2nx.

(i) Using the result in (i), solve cosx+cos3x+cos5x =0, where 0 < x < 27.

(2 4)

(7 ~)

(7 ~)

(4~)

(2 marks)

(7 marks)

(7 marks)
(4 marks)



a a’+1 bc
5. @) Fls\~f2F78 b b2+1 ac|-® 8 ~)
c c*+1 ab
(b) e Fvrux~yqfrz 5 AFrE 7 frle
kx+ y—z=p
(E):{ x+ky+z=q >
—x+ y+kz=r
2P kpors ¥k
(i) R kerP~E = F - &8 (E) § - %o 4 »)
(ixk=2>2(B)F - B2 RKp,qrepdh > o3
p=5q=Lr=—4 pF > 2> fg% (E) - (8 #)
a a’*+1 bc
(a) Factorize the determinant [p b2+ 1 acl. (8 marks)
c c*2+1 ab
(b) Given the system of equations with unknowns x, y and z:
kx+ y —z=p
(E):{ x+ky+z =q,
—x+ ytkz=r
where k, p, g, r are constants.
(4 marks)

(1) Find the range of k such that (E) has a unique solution.

(ii) Suppose k = 2 and (E) has more than one solution. Find the relation between

p, g, and r, and solve the system (E) when p=5, q=1, r=-4. (8 marks)



\\\Xr

b x5 .
=

1. (a) (i) 3+ & @4 |PD| = {/|PA|> + |AD|? =5 > |BD| = \/|BA|?> + |AD|? =5 2

|PB| = \/|PA|?> + |AB|2 =8 » ¥ APBD § - %"= 42, % PB % k& >

28 % [IPDI - GIPBI = V3 - M - APBD e i 5 VG -
H . 1 o 2
(il) P — ABD cioitiff £~ |PA|(AABD % 4§ ) = < -

% d 38-A1T5 PBDurdg - ] A—PBD st L0

dveé 2 , 2
E; \/_':—’T,F, d: — o0
3 3 3

(b) (i) #_PA L ABCD % DA L AP > i DA L AB » ¢c AD L PAB -

F|AD #2 BC = {7 » # BC L PAB -
(ii) #€_(0)(i) 57 M » 5o AD L PAB » % AD L AN - ....(1)

F|N 4o M & % 5 PBfcPC:# 8> % NM || BC - i F AD || BC »
#NMI|AD - F]}* > B2A D *MA4c N & x5 ;2 d (1) &
NM L AN ....(2)
FIN fo M 2 % 5 PB o PC ¥ 8> ¢ [MN|=—|BC|=1=4D| - ....(3)
&y (1)-(3) > ADMN £- £ a5« )t > DM || AN >

DM # T  PAB I {7

FIS

2. @@()f'(x)=6x2—18x+12: f"(x) =12x — 18 -
() f)=0ox=18x=2-
Fx<1PF f'(x) >0 & fx) ZigHg e
B 1<x<2p > flx) <0 & fx) Lo
F2<xPof'(x)>0> & f(x) EifHg e
F o f(D) =04~ hitEs @ f(2)=-14- hiE ] & -

(i) fr @) =0ex=2c§ x<2pr> f'(x) <0 § ><xpr>f'(x)>0°

o W By = f(x) R G, ¢



(iv)

v)

=—x2+3
(b)ﬁ’%’{y e @ x==2f8x=0x=2-

y = 2x3 —x? — 5x
P 2<x<0dMy=—x?+3xFAadMy=2x3—x2—-5x2 T o
P 0<x<2 ¥ My=—-x+3xFadRy=2x3—x2—-5x2 " o
AT R ff

f_oz 2x3 —x% —5x — (—x% + 3x) dx + foz —x% 4 3x — (2x® — x* — 5x)dx

= f_Oz 2x3 — 8x dx+f02 8x — 2x3 dx

x* 0 x4
= l——4le + [4x2 -—
-2

2 20
~=8+8
= 16
= mx +
@M 2T w2 8mx—8c=0¢ e ()
x% =8y

FLEP i () €43 w5 00 5a F c=—2m? -

)y@i)d @ & L3 4i yy=mx—2m? > i=1,2 FlA(hk) 5 L4 3 Ly i

myh — k = 2m?

moh—k =2m3 1 F () = (20 +ms), 2mymy) -

ST {



(“) _r{] Ll —':;'j Lz :Q:i’__ﬁ‘ ’ IE’, m1m2 = _1 ’ é-:( k = Zmlmz = _2 °
fimy =——> @ h=2(my——) ¢
2 my 1 my

HERFEh TR mi AR 42 2mP—hm—2=0> F|H 25}

h2 416 >0 geirgt » 4e Fdcfa o d 2 0 v h=2(my ——) 75
1

-\
—\

TR E - F o BAhRFE IRy =2

fkt s T kl=tan D = |[Tume
(i) 7L, 2 L, en & % 1 w1l = tan |1+m1m2
¥ mi=2-3 || =1> % 3mi+8m,—3=0°HjEs my=-3 &
2

144

my = &BA L (-2,-12) & (

A A
(@) 4 sind = sm(i+—) = smLcos— + cosismTB

B+4 B+A . B-A
sinB = sm(—+—) = smTcosT+ cosTsmT

. A+B A-B A+B . A-B
= SIN——COS—— — COS——SIn
2 2 2 2

A-B
2

¥ sind+sinB =

(b)
sin4 + sinB + sinC

. A+B A-B .
=251nTcosT+smC
. m-C A-B . C C
= 2sin—cos—— + 2 sin—-cos—
2 2 2 2
c A-B . C C
= 2cos—cos— + 2 sin—cos-—
2 2 2 2
C A-B . C
=2 cos;(cosT + sm;)

C A-B . m—(A+B)
=2cosz(cos -~ +sin— )

c A-B A+B
= 2 cos > (cosT + cos T)

c A B, . A. B A B . A_. B
= 2 cos—(cos=cos—+ sin=sin—+ (cos=cos— — sin—-sin-))
2 2 2 2 2 2 2 2 2

A B c
= 4 cosS—coS—cosS—
2 2 2

10



(c)(i) & P(n) ¥~ % ¢4 “ 2sinx[cosx + cos3x + -+ + cos(2n — 1)x] = sin2nx > -
% n=1> %] 2sinxcosx =sin2x > P(l) = = -
BRMErEEK PR)*2 - Fn=k+1>

2sinx[cosx + cos3x + -+ cos(2(k + 1) — 1)x]

sin 2kx + 2 sinx cos(2k + 1)x

(2k+2)x—2kx (Qk+2)x+2kx
COS 2

= sin 2kx + sin(2k + 2)x + sin(—2kx)
=sin2(k + 1)x >

sin 2kx + 2 sin

LPk+1)+ &2 o
RFEFFRZRZ P FHEL L Flen K+ o
(i) "% > 4§ x=0,m,2m>sinx =0 % cosx+cos3x+cos5x #0 -
d (i)> 5 0<x<2m>cosx+cos3x+cosS5x=0 % &% sin6x=0

2 x# 0,m2m - f2sinbx =0 x = %ﬂ »n=1,2,3,45,7,89,10,11 -

5. (a)
a a*+1 bc a a*+1 bc
b b>+1 ac|=|p—a b*-a® c(a—b)
c ¢2+1 abl |[c—a c*—a* b(a—c)

a a*+1 bc
=b-a)c-a)|1 b+a -—c
1 c+a -b
a a*+1 bc

=b-a)c-a)|1 b4+a -—c

0 ¢c—b c—b»
a a*+1 bc
=b-a)c-a)(c=b)[1 b+a -c
0 1 1
a a*+1—-bc bc
=(b-a)c-a)(c—=b)[1 b4+a+c -c
0 0 1

=Mb-a)c—a)(c—b)[a(a+ b +c)—(a?+1—bc)]
=(a—-b)(b—c)(c—a)(ab+ bc+ac—1)

Kk 1 -1
() () (E) pre— jreriE 2 £ |1 k 1|#0> F (k+1)?k—-2)#0-
-1 1 k

ks @B {(kk#-1% k#2} -

11



2x+ y —z=p
(ii)é{k=2’ﬁ:(E)?§{ x+2y+ 2z =q-
—x+ y+2z=r

K ags - 2 5252 REx—y—2Z2 =p—q > FIIEELZIE MR
l«-"ﬁé‘i’ ’ff;' p—q:—‘r’ t:~7Pp—q-|—7"=00

2x + —z =5 v o
ﬁ'?#’{ Y Fx=3+ty=—1—-trz=t>2° t i EzLF

x4+2y+z=1"
gto

12



Suggested Answer:

1. (a) (i) By direct calculation, |PD| = /|PA|? + |AD|2 = +/5,

|BD| = \/[BA[Z + |AD|? = V5 and |PB| = \/[PA[? + |AB|? = V8.
So, APBD is an isosceles triangle. With PB as the base, its height is

J|PD|2 — (|PB|)? = V3. Hence, the area of APBD is v/6.

2

(ii) The volume of P — ABD is ; |PA|(area of AABD) = -

Let d be the distance from point A to plane PBD. Then the volume of A — PBD

isdT\/g. From Vs _ 2 we getd = \E

3 3’
(b) (i) From PA L ABCD, we get DA 1L AP. Together with DA L AB, we have
AD 1 PAB. As AD and BC are parallel, we get BC 1L PAB.
(it) From the proof of (b)(i), we know that AD L PAB. So, AD 1 AN. .....(1)
Since N and M are the midpoints of PB and PC, respectively, we have NM || BC.
Together with AD || BC, we get NM || AD. Hence, pointsA ~ D ~ M and N are
co-planar. Moreover, from (1), we have NM L AN. ..... (2
Since N and M are the midpoints of PB and PC, respectively, we have
IMN| = |BC| = 1= |AD|. ....(3)

Combining (1) - (3) above, ADMN is a rectangle. So, DM || AN. Hence,
DM is parallel to the plane PAB.

2. @@)f'(x)=6x2—18x+12, f"(x) = 12x — 18.
(i f'x) =0 x=1o0rx = 2.
When x < 1, f'(x) > 0 and so f(x) is increasing.
When 1 < x < 2, f'(x) < 0andso f(x) is decreasing.
When 2 < x, f'(x) > 0 and so f(x) is increasing.
Hence, f(1) = 0 is a local maximum value, f(2) = —1 is a local minimum value.

f'x)=0x= % When x < % f"(x) <0; when%< x, f""(x) > 0.

Hence, the inflection point of the curve y = f(x) is (g, —%) :

13



(iii)

10y,
5
J/ >
-2 2 3 4
(iv)
N
2 /
-2 2 3 74
-8
. =—x2+3 .
(b) Solving {y x3 + Zx ,We obtainx = —-2orx=00rx = 2.
y =2x°—x°—5x

When —2 < x < 0, the curve y = —x? + 3x is below the curve y = 2x3 — x? — 5x.
When 0 < x < 2, the curve y = —x?2 + 3x is above the curve y = 2x3 — x? — 5x.

Hence, the required area is
f_02 2x3 —x% —5x — (—x% + 3x) dx + foz —x? + 3x — (2x3 — x? — 5x)dx

= [ 2x3 — 8x du+ ] 8x — 2x3 dx

x* 0 7
= l7—4le + [4x2 ey
-2 0

=8+8
= 16.

y=mx+c

3.(@(0me{x2=8y

,we get x2 —8mx —8c=0....... (1)

At the tangent point of L and P, (1) has a double root, its discriminant is 0.

Hence ¢ = —2m?.

14



(b) (i) From (a), suppose an equation for L; isy; = myx —2m?,i = 1,2. As A(h, k) is

: : . h—k=2
the intersection point of L, and L, , from {mlh I = 2m1 we get

(h k) = (2(my + my), 2mym,).
(i) Since L, and L, are perpendicular, mym, = —1 and so k = 2m;m, = —2.
1 1
From m, = ey wegeth =2(my — m—l).

For any real number h, consider the equation 2m? — mh — 2 = 0 where m is the

unknown. Its discriminant h? + 16 > 0, and so it has real solutions. Thus, we

know that h = 2(m, — mi) can achieve any real value. Hence, the locus of point A
1

is the straight line y = —2.

(iii) As the angle between L, and L, is Z wegetl = tan == |m

2 + 8m, — 3 = 0. Solving, we get

2-m
When m; = 2, we have | 2
1+2m,

=-30rm, =- Hence point Ais (—2,—12) or (E i)

4. (a) From
. . _A+B  A-B . A+B ___A-B A+B . A-B
sin4 = SIH(T+T) = sin—=cos——+ cos——sin—

and
B+A B+A . B-A
sinB = sm(—+—) = sm—cos— + cosTsmT
A+B -B A+B . A-B

= Sln—COS—— COS—Sll'l—
2 2 2 2

A+ A-B
we get sinAd +sinB = Zsm—cos—

15



(b)
sin4d + sinB + sinC

. A+B A-B .
=251nTcosT+smC
. m-C A-B . C c
= 2sin—cos—— + 2 sin-cos—
2 2 2 2
C A-B . C c
= 2cos—cos— + 2sin—cos-—
2 2 2 2

c A-B | . C
= 2 cos 5 (cosT + sin 5)

n—(A+B)

c A-B | .
=2 cos> (cos >~ +sin

)

c A-B A+B
=2 cos> (cosT + cos T)

Cc A B . A . B A B . A . B
= 2 cos=(cos=cos— + sin=sin—+ (cos=cos— — sin=sin-))
2 2 2 27 2 2 2 27 2

A B c
= 4 cos—cosS—cos—
2 2 2

(c)(i) Let P(n) be the proposition
“2sinx [cosx + cos 3x + -+ + cos(2n — 1)x] = sin2nx ”.

When n = 1, since 2 sin x cos x = sin 2x, P(1) is true.

Suppose P (k) is true for some positive integer K. Whenn =k + 1,
2sinx [cosx 4+ cos3x + -+ cos(2(k + 1) — 1)x]
= sin 2kx + 2 sinx cos(2k + 1)x

(2k+2)x—2kx (Qk+2)x+2kx
COoSs 5

= sin 2kx + sin(2k + 2)x + sin(—2kx)
=sin2(k + 1)x.

= sin 2kx + 2 sin

Hence P(k + 1) is also true.

By the principle of mathematical induction, P(n) is true for any positive integer n.
(i1) Obviously, when x = 0,7, 2m > sinx = 0 and cos x + cos 3x + cos 5x # 0.

From (i), when 0 < x < 2w, cosx + cos 3x + cos 5x = 0 if and only if sin6x = 0

and x # 0, m, 2m. Solving sin 6x = 0, we get x = n?n, n=1,23,4,5,7,8,9,1011.

16



5. ()

a a’>+1 bc
=|b—a b?>—a* c(a—D>b)
c—a c?*—a? b(a—2c)

a a*+1 bc
b b*+1 ac
c c*+1 ab

a a’*+1 bc
=b-a)(c—a)|l b+a -c
1 c+a —b
a a*+1 bc
=(b-a)c-a)|1 b4+a -c
0 c—b c—»b

a a*+1 bc
=b-a)c—a)(c—b)|]1 b+a -c
0 1 1

a a*+1-bc bc
=b-a)c—a)(c—=b)|1 b+a+c -—c
0 0 1

=b-a)c—a)(c=b)[a(a+ b +c)—(a?+1—bc)]
=(a—-b)(b—c)(c—a)(ab+ bc+ac—1)

kK 1 -1
(b) (i) The condition that (E) has a unique solutionis| 1  k 1 [ # 0, thatis,
-1 1 k

(k+1)>(k—2) # 0. Therange of k is {k: k + —1 and k # 2 }.

2x+ y —z=p
(ii) Let k = 2. Then, (E) becomes{ x+2y+ z =q.
X+ y+2z=r

From the first and second equations above, we get x —y — 2z =p — q.
Comparing this with the third equation, we getp —q = —r.So,p —q+r = 0.

2x+ y —z =5

X+2y+ z _ pWegetx =3+t y=-1—t z=t wheretisany

Solving {

real number.

17



