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Abstract By edge algebra we understand a pseudo-differential calculus on a man-
ifold with edge. The operators have a two-component principal symbolic hierarchy
which determines operators up to lower order terms. Those belong to a filtration of
the corresponding operator spaces. We give a new characterisation of this structure,
based on an alternative representation of edge amplitude functions only containing
holomorphic edge-degenerate Mellin symbols.
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1 Introduction

The calculus of operators on a manifold with edge has been introduced in [27], includ-
ing its principal symbolic hierarchy and trace and potential operators. Those determine
ellipticity and parametrices within the calculus. The approach has been inspired by
pseudo-differential boundary value problems in the sense of Vishik and Eskin [34,35],
Eskin [7, Subsection15], Boutet de Monvel [1], and also by Kondratyev [16], Rabi-
novich [19], on operators on manifolds with conical singularities. The subsequent
development lead to deeper insight and numerous generalisations, see, for instance,
Rempel and Schulze [20], the monograph [26], moreover, Dorschfeldt [5], Schrohe
and Schulze [31], Gil et al. [10], Schulze [25], Coriasco and Schulze [4], Chang et
al. [2,3], Rungrottheera [21,22]. The edge calculus is motivated by many interesting
applications, see the monographs of Kapanadze and Schulze [15], Harutyunyan and
Schulze [11], the article Flad and Harutyunyan [8], or Chang et al. [3].

We study edge symbols in terms of holomorphic Mellin symbols, cf. [10], and
characterise the filtration of edge operator spaces with respect to orders in a new way.
Our approach is motived by expected analogous structures for higher corner pseudo-
differential operators where Mellin representations on singular cones up to exits to
infinity seem to be most natural. The present paper is organised as follows.

In Sect. 2 we first recall some notation on weighted distribution spaces in terms of the
Mellin transform. Concerning basics we refer to Jeanquartier [14] or [23]. Compared
with Mellin quantisations in [24] the main new aspect is that the present definition of
operator-valued edge amplitude functions in Definition 2.2 (iii) refers to holomorphic
families (2.16) but not on the Mellin quantisation of edge-degenerate operator families
(2.6) as is done earlier in studying the edge calculus, cf., for instance, [24]. This has
many consequences for managing edge operators, though we do not discuss here all
technical changes connected with this modification. The cut-off functions w, ' in
this description (2.15) are fixed. Possible changes only contribute operators far from
the edge, see Remark 2.3.

Section 3 gives a brief description of spaces of edge operators L" (M, g) on a
manifold M with edge Y and weight data g = (y, ¥ — i, ®). The meaning is com-
pletely analogous to other expositions on the edge calculus, however, as announced
before, based on the Mellin version of local edge amplitude functions. We formulate
the principal symbolic structure o = (o9, 01), consisting of the homogeneous princi-
pal edge-degenerate interior symbol og and the (twisted homogeneous) edge symbol
o1. The latter relies on the representation from the article [9]. Concerning the nature
of o1 on the open stretched model cone (r, x) € X of local wedges we will return
to more details in [18]. The remarkable aspect is that the Mellin representation of o
for r — oo concerns Fourier based Sobolev spaces, not Mellin ones, which is just the
reason for the present new description of the order filtration of the edge calculus.

In Sect. 4 we establish this filtration, based on the indicated shape of edge amplitude
functions. Similarly as in boundary value problems which are known to be a special
case of the edge calculus, the aspect of twisted homogeneity make the local symbolic
information spread out to the infinite stretched cone X”. In elliptic operators this effect
is responsible for the nature of elliptic edge conditions, either with Shapiro-Lopatinskij
ellipticity, or ellipticity with global projection conditions, cf. [24] or [28]. The main
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results of Sect. 4 are Theorems 4.1 and 4.2. This allows us to state the filtration of
the spaces of edge operators. In Theorem 4.7 we see that the space L~™°°(M, g) of
edge operators of order —oo admits different equivalent characterisations, namely,
(4.21) and (4.22). In Sect. 5 we recall some necessary material on the cone algebra,
in particular, Kegel spaces with and without asymptotics.

2 Edge symbols

Let M be a manifold with edge Y. In particular, Y is a smooth manifold of dimension
q > 0 such that M\Y is smooth as well, and M is locally near Y described by a
Cartesian product

X5 xQ, X2 = (R x X)/({O} x X), .1

for an open set 2 C R?, corresponding to a chart on Y and a smooth manifold
X (closed in our case).
The main ingredient of edge symbols in our calculus are operator functions of the
form ~

h(r,y,w,n) = h(r,y, w,rn) 2.2)

for
i, y, w, i) € C*® (& x Q, MY (X; Rg)), 2.3)

with © € R being the order. The meaning of Mé(-) in (2.3) is as follows. Let
Lé‘l(X ; Ra) be the space of classical parameter-dependent pseudo-differential opera-
tors over X of order w in its natural Fréchet topology. Let A(U, E) for a Fréchet space
E and U C C open denote the space of all holomorphic E-valued functions in U.
Then M5 (X; R)) is the space of all

hw.2) e A(C. LY (X:RY))
such that
hlr,mi € LY (X; Iy x Rl)
for every B € R, uniformly in compact S-intervals, where
I'g:={weC:Rew = B}. 2.4)
Here, as soon as we talk about uniformity with respect to § in compact intervals
we understand boundedness in Lgl(X ;R x R') when I'g is identified with R via
I's > w = B+ip — p € R.This has the consequence that we can replace “uniformly”

by “smooth dependence” in 8 with values in Lgl (X; g x RR’). More details may be
found in Seiler [32].
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We systematically employ pseudo-differential operators with operator-valued sym-
bols. Those can be of the form (2.2), or, more generally,

Fryow,m € € (Ry x @, LY (X: Ty x RY)), 2.5)

based on the weighted Mellin transform

o0 dr
M, u(w) :/ ru(r)—
0

r

r
27V

with y € R being a given weight. We then write

—(1/2-y+ip) , dr'
op}, (f)(y, Mu(r) = // f oy, 1/2—)/"‘1/0,7))“(”)75,0,

dp = (2n)~'dp, for functions u(r') € C° (R4, C*°(X)). Later on the action is
extended to more general distributions in R .

Operator families (2.3) appear in the following Mellin quantisation results, cf. [24,
Theorem 3.2.7], or [10, Theorem 2.3]. Let

~ ~ ~ o~ 1
pr.y. p.n) = p(r.y.rp.rn), p(r.y,p. i) € C® (R+ x Q, LY (X R-+~q))
(2.6)
Then there is an A(r, y, w, ) like (2.2), (2.3) such that

Op, (P)(y, 1) = Oply (v, m) mod €™ (2, L7 (x":R7)) @7
for every y € R. Conversely, for any & we find a p with the indicated properties
such that (2.7) holds, and the resulting operator functions p and % are unique modulo

C®[Ry x Q, L™®°(X; R1+q)) and C® (R, x 2, Mg (X; RD)), respectively.

Remark 2.1 For purposes below we formulate a simple consequence of the latter
Mellin quantisation theorem. For

PGy, pom) = Bl y.rporm). plr v, po i) € CO(®y x @, L (X5 R )
for any fixed j € N, we find an
h(r,y,w,n) = h(r,y, w,rn) for h(r,y,w,7) e C®°R, x Q, Mg_j(X; R7))
such that

Op, (r/ p)(y. n) = Oy (/) (v, ) mod C¥(Q, L™°(X"; RY)).

Conversely, for i we find a p with the indicated properties.
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Recall that there is well-known kernel cut-off operator based on the Mellin trans-
form

Vu@) : C*® (RJF x Q, Lgl (X; Ip x ]Rq)) — C*® (@+ x Q, M(‘gw (X; ]Rq))
for a cut-off function ¥ € Cj°(R;), ¥ = 1 in a neighbourhood of = 1, such that
Vu W) flry = f mod C* (RJF x Q, LY (X; g x Rq)) .

This shows that the space of symbols (2.3) is “nearly” as rich as (2.5). The choice
of y € R is arbitrary. For normalising weights we often replace y by y — n/2 for
n = dim X. In the edge algebra we interpret

r=oph "2 (h) (v, )

for h as in (2.3) as an operator-valued symbol, i.e., an element of
SH (Q % RY: H, H) 2.8)

for suitable Hilbert spaces of weighted distributions on X” := R4 x X. In concrete
cases we set ~
H =K"Y(X"), H=K""r"HX"), (2.9)

cf. the definition of Kegel spaces K57 (X”) in (2.10) below. Symbol spaces (2.8)

make sense for general (separable) Hilbert spaces H, H with group action. Here a

Hilbert space H is said to be endowed with a group action k = {ks}scr, if « is a

one-parameter group of isomorphisms «s : H — H, such that k5ky = kss for every

8, 8’ € Ry, where u — «su defines an element of C(R. 5, H) forevery u € H.
More generally, we also admit Fréchet spaces

E = lim E/,
<

jeN

written as a projective limit of Hilbert spaces with continuous embeddings E/*! <
E? for all j. Then E is said to be endowed with a group action « if it is a group action
on EY and k|, is a group action on Ej forevery j € N.

Now if H and H are Hilbert spaces with group action « and &, respectively, then
(2.8) is the set of all

a(y,n) € C® (sz xRY, L (H, H))

such that

|

~—1 —
R {DﬁD,’?a(y, n)}/qn) HaHﬁ) <cmr
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for all (y,n) € K x R?, K € €, and multi-indices o, § € N4, for constants
c=c(a,B,K)>0.

Let S (Q x (RI\{0}); H, H) be the space of all ag(y,n) € C®(Q x
(R9\{0}), L(H, H)) such that

ag (v, 8n) = 8" Rsag (v, My "

for all § € R. Moreover SS(Q x RY; H, H) denotes the set of all a(y,n) € SH(Q2 x
R?; H, H) such that there are elements a¢,—j) € S“~(Q x (RI\{0}); H, H), j €
N, where

N

a(y,m) — D x(ag—j(y, n) € SN+ (Q x RY; H, FI)
i=0

for every N € N; here x (1) is any excision function in RY.

The Kegel spaces K7 (X”) over X for a closed smooth manifold X and y € R are
defined as follows. For any cut-off function w (r) on the r half-axis (i.e., w € C§° Ry)
is real-valued and w = 1 close to r = 0) we set

K5V (X1 1= {a)u F (- iueH XY, ve Hgone(XA)}. (2.10)

Here H*7 (X") is the completion of C§°(R, C*°(X)) with respect to the norm

1
5 1
s ey o= | / | R m w) (M) @) [y a0} 2.1
dw := Qmi) 'dw, for any parameter-dependent elliptic element R*(A) €

L (X; R;) that induces a family of isomorphisms
RV : H'(X) — H'™(X)

between standard Soblev spaces, for every ¢ € R. It is well-known that such smooth-
ness reducing families exist and that (2.11) is independent of the choice of R®, up to
equivalence of norms.

Moreover, Hj, .(X") is the space of all v € H}) (R x X)|r . xx such that for any
coordinate neighbourhood U C X and a diffeomorphism ¢ : U — V to an open
subset V of §" = {¥ € R*! : |%| = 1} we have (1 — w)p o x ' € H*(R*t!)
for every ¢ € C3°(U), a cut-off function w, and x : Ry x U — R™*1 defined by
x(r, x) :=rv(x).

Now

SH(Q x BRI K57 (X7) PR (X))

refers to the group action
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(ksu)(r, x) = 8"V 5r, x), § € Ry, (2.12)

on the space K%Y (X") for every s, y € R. For any strictly positive smooth function
r — [r] on R4 such that [r] = r for r > C for some C > 0 we set

K3VE(XM) o= [r] O (XP), Ko (x M) = () KSVX™), (2.13)

s,ecR

for every s, y, e € R, also endowed with (2.12). Concerning subspaces with asymp-
totics in the following definition, see Sect. 5 below. More material on such spaces is
developed in [17].

Definition 2.2 (i) The space of Green symbols ’Ré(Q xR?,g)foru e R, g =
(y,y — u, ®), 0 = (3, 0], is defined as the space of all

gly,n) € ﬂ Sfl (Q x RY; [C5-V3¢ (XA) ,]C;O'V*M;OO (XA)) ,

s,eeR

such that

g (y.n) e m Sﬁ (Q x RY; g5 —vHme (XA) , ;CZO’*%OO (XA)) ’

s,eeR

for some g-dependent asymptotic types P and Q, where the pointwise formal
adjoint refers to the %% (X ")-scalar product.

(i) The space of smoothing Mellin plus Green symbols R{\L,I (R xRY, g)forg =
(y,y —un,0)and ® = (—(k + 1),0], k € N, is defined as the space of all
m(y,n)+g(y,n) forg(y,n) € Ré(Q x R4, g) and smoothing Mellin symbols
m(y, n) of the form

k
m(y.n) =ty > > 0p T (fi) Onfwy,  (214)

Jj=0  lal=j

for arbitrary f;, € C*°(L, MEZO(X )), cf. (5.2), with Mellin asymptotic types
Rjq, weights yj, € R, satisfying

=9
Yja ?

Y —J =< Vje <V, lcRjq HF%_
and cut-off functions w, " on the r half-axis where w, (r) := w(r[n]). In the
case ® := (—o0, 0] we define the corresponding R1+G-space as the intersection
of those for k € N.

(iii) The space of edge symbols R*(2 x R?, g) is defined as the set of all operator
functions a(y, n) of the form

aly, n) = r " e0pl; "> () (y, e’ + (m + g)(y, n) (2.15)
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for arbitrary cut-off functions w, ' on the r half-axis, for an

- A = i By i
h(r,y,w,n) = h(r,y, w,rn), h(r,y,w,7) € C® (R+ x Q, Mg, (X, Rﬁ)) ,
(2.16)
and (m + g)(y,n) € Ry,6(R x RI, g) forg = (y,y — 11,0),0 = (—(k +
1), 0], k e NU {oo}.

Remark 2.3 Changing the cut-off functions w, o’ in (2.15) leaves remainders of the
form ¢Op, (pin) (v, M¢’ for ¢, ¢" € C°(Ry), and pin(r,y, p,m) € CPR: x
Q, L(X; R})anq)). Such terms could be added in the definition of a(y, n); however,
by a suitable choice of w, ' they can be integrated in the Mellin action. So without
loss of generality we employ a(y, n) in the form (2.15).

Theorem 2.4 [18, Theorem 4.6] We have
RH (SZ x RY, g) C SH (Q x RY; K57 (XA) SISy TR (XA))
forevery s € R.
Theorem 2.4 refers to Definition 2.2 (iii). In [9] it has been proved that edge
amplitude functions in the traditional form based on Mellin-edge quantisations are

contained in R* (€2 x R?, g) in the sense of the present definition. In [18] we gave an
independent proof of the fact that this inclusion is surjective.

3 The edge algebra

We now turn to edge operators of order © — j, j € N, associated with weight data
g = (v, ¥y — u, ®). The properties of the corresponding filtration are the main issue
of this section. By definition our manifold M with edge Y contains a neighbourhood
W D Y with the structure of a locally trivial X% bundle over Y. That means we have

a system of singular charts
x:V—>XtxQ 3.1

for neighbourhoods V' C M of points y on the edge, where
xlvyy : VY = X" x Q (3.2)
are diffeomorphisms. If V is another neighbourhood of points 7 and
X Vo> X2%xQ
the corresponding singular charts, then for V N V we have restrictions

X|Vm~,:Vﬂ\7—>XAxD, )Z|Vm7:Vﬂ‘~/—>XAxL~)
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for open subsets D C €2, D - Q, such that the transition maps
X2xD—> X2xD

are bundle isomorphisms between the corresponding (trivial) X #-bundles over D and
D, respectively. Those are fibrewise, i.e., over every y € X, quotient maps

(R x X)/({O} x X) — (E x X)/({O} % X)

for diffeomorphisms _ _
C: Ry xX—>R;yxX, 3.3)

where R x X is regarded as a manifold with smooth boundary. The following local
constructions refer to a fixed chart G —- R?on Y, g =dimY > 0.
For a Hilbert space H with group action k we have the abstract edge space

WS(RY, H), s € R, (3.4)

defined as the completion of S(R?, H) with respect to the norm

{ [

with i (n) being the Fourier transform in R?. We get an equivalent norm when we
replace (n) by [n], where n — [#] is any strictly positive function such that |n| = [#n]
for |n| > const.

In the case of a Fréchet space E with group action k we can form the spaces
WS (R4, EJ) and then set

VIR 172
<] an} " (3.5)

W (RY,E) = imW* (RY, EY). (3.6)
jeN

Recall that for W (R, -) := [,cg W*(R?, ) we can forget about the group action

k in the definition, i.e., x may be replaced by id, i.e., ks = idg forall § € Ry.
We employ these constructions to so-called (local) weighted edge spaces

W* (R, K57 (X7)) (3.7
of smoothness s € R and subspaces

WE (R, K7 (X7)) (3.8)
with (here constant discrete) asymptotics of type P, cf. notation in Sect. 5. In other
words, we apply (3.4) and (3.6) to H = K57 (X)) and E = IC;;}/(XA), respectively.

Weighted edge spaces (3.7) and subspaces (3.8) with asymptotics have been studied
in [23], see also [24]. The abstract version (3.4) has been introduced in [29]. More
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functional analytic properties have been studied in [12]. We now formulate global
spaces
H*Y (M) and Hp"(M) (3.9)

on a (compact) manifold M with edge Y. The first space of (3.9) is defined as the set
of all u € H (M\Y) such that for any singular chart x : V — X2 x R? and the

induced x|y\y : V\Y — X" x R? we have

ulyyy = fo X_1|V\Y

for some f € W*(R?, K*¥(X")). Similarly, the second space of (3.9) is the set of
allu € H{ (M\Y) such that

loc
ulvy = fox vy

for some f € WS(RY, lC‘;;y (X™)). Concerning invariance of this definition under
transition maps we impose a mild extra condition on the chosen atlas close to the
edge, cf. [24]. A similar definition applies when M is a non-compact manifold with
edge. In that case instead of (3.9) we write

HpY (M) and Hpl (M), (3.10)

respectively, and we have also the corresponding spaces with subscript “comp”. An
operator C : Cg°(M\Y) — C°°(M\Y) is smoothing in the edge algebra, i.e., C €
L™°(M, g) for g = (y,y — u, ®), if (say for compact M) the operators C, C*
extend to continuous maps

C:H"Y(M)— H'U7"(M), C*:H> VT (M) — Héo’_y(M) (3.11)

for every s € R, for asymptotic types P, Q, depending on C.

On a compact manifold M with edge ¥ we choose a system of singular charts x; :
Vi — X2 xRY, j=1,...,N,ofthekind (3.1), where G; := V;NY form an open
covering {G1,...,Gy}of Y. Let {¢1, ..., ¢y} be asubordinate partition of unity, and
let {g], ..., @)} be a system of functions in C°(G), ¢; < (p;. for all j. Moreover,
fix cut-off functions w, @', ®” on M, i.e., continuous functions on M that are smooth
on M\Y and = 1 close to Y, and supported by a small neighbourhood of Y, where
o' <w=<o.

Definition 3.1 Let M be a compact manifold with edge Y.
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(i) The space L"*(M, g) of edge operatorson M for u e R, g = (y,y — u, ®), is
the set of all A € Lgl(M\Y) of the form

N
A= Z Aj +(1 — 0)Aing (1 — ") + C : Aing € LYY (M\Y), C € L™®°(M, g),
j=1

Aj=wp; (int);") Opy@)¢)e.a;(v.m e R* (RY xR, g) | .
(3.12)

where int x; := xjlv;\v-
(i) By Ly;,g(M, g) (Lg(M, g)) we denote the set of all A € L*(M, g) such that
Ajng =0anda; € RﬁJrG(Rq x RY, g) (’Ré(Rq x RY, g)) for all j.

It is well-known, cf. [24], that A € L*(M, g) induces continuous operators
A:HYY (M) — H MY H(M), Hp' (M) — HSQ_“”’_“(M) (3.13)

for all s € R and asymptotic types P certain resulting Q, depending on P
and A. Continuity results (3.13) are based on local continuity of Op(a) for a €
Rf\ﬁl +cR? x RY, g) in weighted edge Sobolev spaces (3.7) or (3.8). The latter
follows from Theorem 2.4 also using that R{\L,HG(Rq x R?, g) is contained in
SERT x RY; K" (X7), Ky 7 7H (X)) for asymptotic types P with some resulting
Q. Continuity results between abstract edge spaces are proved in [23] and [33], an
operator-valued analogue of Hwang’s proof [13] of the Calderén-Vaillancourt Theo-
rem.

The assumption of compact M in Definition 3.1 has been made for convenience. A
small modification allows us also to admit the paracompact case, using a corresponding
locally finite system of charts. Instead of the space in (3.13) we then have to take
com/loc-analogues, cf. (3.10). Recall that

LG(M, ) C Ly,g(M, g) C L™°(M\Y).

An operator A € L*(M, g) C Lgl (M\Y) has its standard homogeneous principal
symbol of order ©
00(A) € C®°(T*(M\Y)\0). (3.14)

Moreover, since A is edge-degenerate close to Y, in the splitting of variables (r, x, y) €
R4 x ¥ x R? and covariables (p, &, n) the function (3.14) takes the form

o0(A)(r,x, y, p, &, ) =1 "60(A)(r,x, y,rp, E,1N) (3.15)

for a function 6o (A)(r, x, v, p, &, 17) that is homogeneous in (p, &, 17) # 0 of order u
and smooth up to r = 0.

Observe that op(A) can be locally close to Y expressed in terms of the operator-
valued symbol a(y, n) € R*(R? x R?, g), cf. Definition 3.1 (iii). From (2.7) and
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the subsequent observation in converse direction we see that the Mellin symbol £
in (2.15), (2.16) belongs to C*° (R4 x , L (X Rq)) As such it has a parameter-
dependent homogeneous principal symbol

p(,u)(r"x’ y?p’gv 7])’ (P,f, 77) #0

Thus a(y, n) itself given by (2.15), has a parameter-dependent homogeneous principal
symbol, called og(a), which is close to r = 0 of the form

oo(@)(r,x,y, p, &) =1 puy(r,x,y, 0,6 0) =1 puy(r,x, y,rp, &, 1)
(3.16)
for a p(y(r, x,y, 0, & 1) € SR, x T x Q x (RIE":(’\{O})) where £ C R”
corresponds to a chart on X. Later on, when we talk about lower order symbols we
also write

aé‘(a) :=o0¢p(a) and oéL(A) = o0p(A),

respectively. Moreover, the edge amplitude functions a(y,n) € R*(R? x R?, g)
involved in Definition 3.1 have a (twisted) homogeneous principal symbol, namely,

_ 2
o1(@)(y. ) = r"0pl " (ho) (v, ) + o1+ )(y.m). (317
n # 0, where ;
ho(r, y, w,n) :==h(0, y, w, rn), (3.18)
cf. (2.16), and o1(m + g)(y, n) is the (twisted) homogeneous principal symbol of
(m + g)(y, n) as a classical operator-valued symbol, i.e.,

(m+g)(y,n) e SéLl (Rq x RY: K57 (X/\) ISRy —H (XA)) .

Using o1(-)(y, n) on edge amplitude functions we obtain o1(A)(y, ) also for the
operators A € L* (M, g) themselves. For the definition we may refer to localised and
properly supported representatives of operators, e.g., A; as in Definition 3.1 (i) and to
recover left symbols, similarly as for standard (scalar) pseudo-differential operators.
For the resulting a(y, n) € Si(RY x RY; K57 (X7), KS~#7~1(X")) we then have

o1(a)(y,n) = hm 87y ay, Sn)ks.

Summing up the local symbols which contain contributions of a partition of unity on
Y we obtain the invariantly defined principal edge symbol o1 (A)(y, 1), namely,

N
a1 (A)(y,m) = D @i(Moiaj)(y, ), (3.19)

J=1

see (3.12).
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4 The filtration of edge operator spaces

Order filtrations in the edge calculus are well-known and useful for dealing with lower
order terms as soon as principal symbols vanish. We realise here the filtration by using
an alternative representation of the edge calculus, cf. [9], based on amplitude functions
as in Definition 2.2 (ii). At the same time we deepen the insight of the exit symbolic
properties of operator-valued Mellin symbols on the infinite cone for r — oo. We
also look at smoothing Mellin plus Green symbols; however, those are standard. In
fact, when we define

REL(Qx R, g) for g = (y,y — p, (—(k + 1), 0]), 4.1)

for j € N\{0}, we simply ask the homogeneous components of (m + g)(y, n) of order
[ to be vanishing for all 0 </ < j — 1. More precisely, we have

Rl (2 x BY, g) C 84 (@ x BRI KM (X7) K74 (X)),
s € R, and any (m + g)(y, n) has a sequence of homogeneous components
ol T m+ () = m + )y (s M), (4.2)
where
(m + &) (u—j (v, m) € SUI (2 x (RI\{0}) ; K7 (X"), K>V ~H (X")), jeN,

cf. the generalities on classical operator-valued symbols in Sect. 2, where by notation
GIM(m + g) := o1(m + g). Then the operator family (m + g)(y, n) belongs to (4.1) if

01” - (m 4+ g) vanishes for all 0 <[ < j — 1. As is well-known, we have
R (@ < RY, g) =Rg ' (2 x RY, g)

when j > k where k is involved in the weight interval contained in g. The weight
data g are independent of j. For general a(y, n) € R*(Q2 x R?, g) the dominating
term is the non-smoothing summand

rwOpl, " (h) (y, ma. (4.3)

For a simple model situation in [18] we illustrated the (unexpected) problem of under-
standing the homogeneous principal symbol of order u of (4.3) for r — oo in the
frame of the exit pseudo-differential calculus on X, for n # 0.

Let RH—J (2xR?, g), j €N, forgasin (4.1), be the space of all operator families
of the form

r=w0pl " (+1h) (e + o+ ) (v, )
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for

h(r,y, w,n) = h(r, y, w,rn), h(r,y, w, 7)) € C¥Ry x 2, MG/ (X; RE), (4.4)

and (m + g)(y, n) € ’R&:é(ﬂ x RY, g). Similarly as in Remark 2.3 we could add a

—7 1 .
term 9Op, (pin) (v, M@’ for pini(r, y, p, M) € C¥ (R4 x Q, L47(X; R, 51)) which
is contributed when we change w, o'

Theorem 4.1 Leta(y,n) € R*(QL xRY, g)forg = (y,y —u, (—(k+1),0]), and
assume oi(a) =0, i =0, 1. Then a(y, n) is of the form

a(y,n) =r*wop’ "2 (h1)(y, Ma + (m1 + g1)(y, 1)

for
By w, ) =Ry, iy i) € € (R x @ M5 (X RE))

and (my + g1)(y, 1) € Rl (@ x RY, g).

Proof For convenience we consider the case of y-independent symbols. The mod-
ifications for the general case are evident. Let us first note that a(n) is a family of
operators taking values in the space L* (X%, g) for every fixed n € RY, cf. Definition
5.3 (iii) below. Moreover, we have

o1(a)(n) € LM(X™, g)exit (4.5)

for every fixed n € R?\{0}, cf. Definition 5.3 (iv) below. In fact, (m + g)(n) in (2.15)
for fixed n € RY belongs to Ly:g(X 2, g) which is obvious. It remains to observe

rrwOp, " (e € LH(X2, g), 4.6)
cf. the expression (5.9) below. In fact, we have
h(r,w,n) = h(r, w, ry) 4.7

for h(r, w, 7j) € C®°(R., M(’gw (X; R?])). Thus, for fixed 1 the function (4.7) belongs
to COO(EJF, Méf)w (X)) and hence (4.6) just corresponds to the first summand on the
right of (5.9). Setting p = 0, we see that (4.6) holds. In order to show (4.5) we first
note that o (m + g) () € Lmyg(X %, g). Moreover, the technique of the proof of [18,
Lemma53] shows that for any fixed i # 0 the operator r’“OpK,[_"/ 2(ho)(n) is of the
form (5.11). From [6, Subsection 3.5], see also [18, Theorem 56], we have continuous
operators

a(n) : KKV (XM — KSHY—H(X™), s eR.
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A consequence of og(a) = 0 is that
h(r,w, 7)) € C® (m, MY (x; Rg)) . (4.8)
This implies
O, w, 7) € MY (x; Rg) ,

cf. [18, Remark 39]. We have (3.17) for ho(r, w, n) = E(O, w, rn), and we write

a(n) = wr™#0p}; " (h — ho) e’ + wrOp} " (ho) (e’
+mo(n) + go(n) +m" () + g" ' () (4.9)

for
k P
— i ia—n
mo() =r""wy D rl > Opy T (a0 @)y, go(n) = wx (M1 ()N,
J=0 lal=j
cf. Definition 2.2 (ii), and

mhl () == (m—mo)(m), "' (1) = (g —g0)(m) € Rhy (xR, g), (4.10)

cf. notation (4.1) for j = 1. Taylor’s formula in the first r-variable in A (r, w, ry) =
h(r, w, n) yields

wOpl; "2 (h — ho) (N’ = wropl; "* (W) (ne' (4.11)
for some

W, = ewon, B e € € (R, MG (X0 RY)).
4.12)
Thus (4.11) belongs to R*~1(Q x RY, g). It remains to verify that

wOpY; " (ho) (M’ + mo(n) + go(1) € Riy,(2 x RY, g).

In fact, because of (4.10),(4.11) we have

o1(@)(n) = oy (wOpM(ho)w’ +mo + go) (m

= 0pY, "2 (ho) () + 01(m0) () + 01 (80) ()
=0. (4.13)
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By virtue of o1(a)(n) € L*(X?, g)exic for every fixed n # 0, cf. Definition 5.3
(iv) below, we can recover the sequence of conormal symbols in a unique way, cf.
[23, Subsection 1.3.1, Theorem 4]. Relation (4.13) shows that all conormal symbols
vanish. This is the case, in particular, for the leading component, and it follows that

ot (0P "2 (o) () + 01 (mo)(n) ) (w) = (0, w, 0) + foo(w) =0,
cf. notation in (3.18), (2.14), and formula (5.12) for j = 0. It follows that
o1 (0P} " (ho)e +mo ) () = 0
and hence

o (0pl; o) n) — 0ply "2 (i1 0.0.0)) )of € RA (2 x B g)

Thus wOpK,{"/z(ho)(n)w’ + mo(n) € Rﬁ:é(ﬂ x R?, g), and hence o1(go)(n) = 0
which entails go(n) € Ré_l(Q x RY, g). o

Everya(y,n) € R'/(QxRY, g)forg = (v, y —p, (=(k+1),0]), j €N, j > 1,
has again a pair of principal symbols, now of order u — j, namely,

(ob @, ol 7 @) = 0" @.

For a(y,n) € R* /(2 x RY, g) for any fixed j € N\{0}, we define a{)‘*f (@) ina
similar manner as in Sect. 3 for j = 0. In this case we employ Remark 2.1 which gives
us the parameter-dependent homogeneous principal symbol p(,.—j(r, x, y, p, &, 1) €

SH=D(RL x T x Q x (Rgg’“ﬁ* 9\ {0})) with j being related with / in (4.4) via Mellin
quantisation. Then, similarly as (3.16) we set

o @) x, v, 0,8 m) = Py (X, o, £ ). (4.14)
Moreover, a(y, n) € R*~/(Q x RY, g) has a principal edge symbol
ol @, = HOp " o) (v m) o T m 4 9, (415)

for ho(r, y, w, n) := ﬁ(O, y, w, rn) and alﬂ_j (m + g)(y, n) given by (4.2).
Theorem 4.2 For j € N\{0} the space R*=U+tD(Q x RY, g) for g = (y,y —

u, (—(k 4+ 1), 0]) is characterised as the set of all a(y,n) € R*(Q2 x RY, g) such
that

@ =0, o/ @=0

foralll =0, ..., j.
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Proof The result is iterative, and we can apply analogous arguments as for Theorem
4.1. O

Corollary 4.3 Let M be a manifold with edge Y. Then there is a filtration of LM (M, g)
foru e R, g = (y,y — u, (—(k 4+ 1),0]), consisting of a sequence of subspaces
L“_I(M, 2), | € N, namely,

L"(M,g) DL '(M,g) >---DL'" (M, ) >---DL™®(M,g), (4.16)

where LW {(M, g) C Lglfl(M\Y) consists of operators A that are represented in an

analogous manner as (3.12), here for Aint € Lgl_l(M\Y), andaj(y,n) € RH(RY x
R?, g) for all j. Similar filtrations hold for Lﬁ+G(M, g)and Lé(M, g), respectively,

where Lﬁ:l(}(M, 2) (Lé_l(M, g)) consists of all A € LH=Y(M, g) such that Ajn; = 0
andaj € Rﬁ:lG(Rq x RY, g) (R’éfl (R? x RY, g)) forall j.

Note that l .
LM, g)=L5 (M, g 4.17)

for ! > k, where k € N is determined by the finite weight interval in g.
Proposition 4.4 We have

- - —l

LY (M, ) [ L™°M\Y) = Ly (M, 2).
Proof Operators A € L*~'(M, g) are locally close to the edge in the splitting of
variables (r, x,y) € Ry x ¥ x Q foropen ¥ C R"” and 2 C R?, corresponding to
charts on X and Y, respectively, of the form
_ —n/2
r M—HOPK/[ n/ Opx,y(h)

cf. notation (5.1) below, for (local) Mellin symbols

h(r,x, y,w, 8, 1) = hr, x, y, w, & rn)
for

ﬁ(r,x,y,w,é,ﬁ) € Séﬁl (E+ XX xQ ng XR%),
where S(“{l Ry x £ x Qx RY x R%) is the space of all

fl(r,x,y, w,&,1) € .A((Cw, Sﬁ_l (@Jr X T X QX Rg’ X R%))
such that

h(r.x.y. B+ip.&.7) e S" (mxzxgxl&pngng)
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for all B € R, uniformly in compact B-intervals. If the respective operator belongs
to L7°°(M\Y) then the operator Ajy is smoothing (Ajy; can be identified with A
regarded as an operator Cg°(M\Y) — C*°(M\Y)), and

1
h(r,x,y,%—y—i—ip,g,n)eS"O(RJFXEXQXFT_VXRQXRZ).

That means, the homogeneous components ¢, j (r, x, y, % —y+ip, &, n) vanish

for r > 0 and all j. The symbol h(r,x, y, % —y +ip, &, 1) (no matter what the

order is) can be reproduced as an asymptotic sum

- n+1
ZX(P,E»ﬁ)h(u—l—/) (r,x, Yo —— —VY +lp,§,77])

‘ 2
Jj=0
with x being an excision function in (p, &, 77), up to an element in S (R4 x X x

Q@ xTun_, xR x Rg). This gives us an

- n+1 ) 5 [~
f(r,x,y,T—y—l—lp,é,n)eSg (R+XEXQXRPXR2XR(£)

which is smooth up to » = 0. Applying a kernel cut-off operator to f with respect to
w e FnT-H_y we recover /i € S(’g—l (E+ X XX Q2x Rg X R%) modulo an element of

S—M(K+xeQxRpngng).

In the present case we have
N n—+1 . -
h(u—i-j (r,x, Y5 7Y +ip, &, n) =0

forall j € N. Thus / itself belongs to Sa’o Ry x T xQx Rg X R%). Now it suffices
to note that

wr*+i0p,0p} " *0p, (W'

is an element of LIL\L,I:IC;(M , &), more precisely, the operator coming from the local
Mellin symbols /& for an open covering of X by coordinate neighbourhoods and a
sum, using a subordinate partition of unity. O

Remark 4.5 As a byproduct of the proof we obtain

h(r, y, w,n) = h(r, y, w, rn)



Order filtrations of the edge algebra 297

foran fi(r, y, w, i) € C®(Ry x @, M~ (X, RY)) such that

h(r,y,w, i) g, o €C™ (R+ x @, My~ (X R’,’,))

automatically belongs to C®°(R; x Q, M o (X, Rg})).

In order to see that edge operator spaces of lower order coincide with the more
common definition in terms of vanishing homogeneous principal terms we formulate
the pair

o l(A) = (a(;” (A), al‘H(A))

of principal symbols of operators A € L~/ (M, g). We define aé‘ - (A) as the standard

homogeneous principal symbol of A as an element of Lgl_l(M \Y). Locally close to
Y we can write

ol A x, v, p, &) = r ST A x, v, o, £, ) (4.18)

for a function 65‘_1 (A)(r,x,y, p, &, n) homogeneous in (p, &, 17) # 0 of order u —
[ and smooth up to r = 0. As before for [ = 0 the symbols occurring in (4.18)

when restricted to a neighbourhood close to Y, agree with the symbols involved in

(4.14). Clearly o/~ vanishes on Lis L (M, g) since LIS L(M, g) ¢ L=°(M\Y).

Analogously as (3.19) for A € L*='(M, g) we define
1 al 1
o A =D e ol T @), ),
j=1

using (4.15) for the local edge amplitude functions a; € RFEUQ xRY, g), j =
1,..., N. As a conclusion we recover the filtration property of the edge algebra.

Corollary 4.6 Let A € L*(M, g) and assume that
oAy =0, of'(A)=0 forall 1=0,...,j (4.19)

Then we have A € L*=UTD (M| g).

Thus the property (4.19) for all j yields A € ﬂjeN L*=I(M, g). Let us write for
the moment

L= (symbols) := {C e LM, g): oI (C)=0 forallj e N}
which coincides with ﬂjeN L*=I(M, g), and

L~°°(mapping) := {C € L*(M, g) : C has the mapping properties (3.20)}.
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Theorem 4.7 We have

L™(M,g)= [ L*/(M, g (4.20)
jeN
forany n € R.
Proof We have to show
L~°°(mapping) C L~°°(symbols) 4.21)
and
L~°°(symbols) € L™°°(mapping). (4.22)

Let us start with (4.21). We consider the case of compact M; the considerations in
general only need some simple modifications. The space on the left hand side of
(4.20) has been defined by the mapping properties (3.11). Such operators C belong to
L™°°(M\Y) and hence 061_1 (C) vanishes for all j € N. We have to show that also

01”7] (C) vanishes for all j € N. To this end we pass to the operator pwCg¢’w’ for
cut-off functions w, @’ on M, (i.e., = 1 in a small neighbourhood of ¥, = 0 outside
another small neighbourhood of Y) and factors ¢, ¢’ € C{°(G) for a coordinate
neighbourhood G on Y. We then consider the operator in local coordinates under
a chart x|y\y : V\Y — X" x R? where V is a wedge neighbourhood such that
VY = G, cf. formula (3.2) for Q := RY, where x : V — X* x RY restricts to a
chart G — R?. Denoting for brevity the operator pwC¢’@’ in local coordinates again
by C we have to show that the continuity of

C oW (RY, K7 (X7)) — W™ (RY, K577 (X7))
and

C* W (RY, TV (X)) - W (RY, K7 (X7))

for all s gives rise to 61”_] (C) = 0forall j € N. Since this holds for all s it suffices
to consider the trivial group action on W*(RY, -)-spaces, i.e., x = id, the action on
W (RY, -) is trivial anyway, cf. notation in Sect. 3. Moreover, it suffices to replace the
spaces K" (X ") and ICZO’_V (XMby Ey = K7 H(XNand E; == K7 (X7)
for a weight interval A = (—§, 0] for some sufficiently small § > 0, cf. (5.3) and
Remark 5.2 below. The spaces Eq, E» are nuclear and Fréchet. It is then easy to
recognise that C has a kernel in

c(y.y) € C®(RT xR, E\®- H)) [ |C™ (RY x RY, Fy® Ez)  (4.23)
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for Hy = K™%~V (X"), Hy = K*~7T#(X"). Then, similarly as in scalar smoothing
operators, the integral operator

cuty) = [ ety say
can be written in the form
Cuty) = [ 0 ety s ypapure 0 May ay
fora ¢ € C3°(R?) such that J ¥ (n)dn = 1. Thus C has a double symbol

a(y, y',n) = c(y, Y (e 0=

which is a Schwartz function in n € RY with values in E 1®x Hy N Hy®, E, and
with smooth dependence on (y, y’) € RY x R?. By construction C is also properly
supported with respect to (y, y’)-variables. We can pass to a left symbol ar(y, n) ~
> wcRa %D;“, 3%a(y,y’, mly=y Since o{ "’ (C) only depends on the summands for

|| < j which are all Schwartz functions in 7 it follows that o{‘ = (C)(y,n) =0 for
all j.

The second part of the proof consists of verifying (4.22). In other words we prove
the continuities (3.11) for any C € ﬂjeN L*=J (M, g). The idea of proving (3.13)
for A € L*=/(M, g) for all j is analogous to that for j = 0. In the present case,
for C € ey L*J(M, g) we already know that o /(C) = 0 for all j, ie.,
C € L™°(M\Y). Thus we have C € L*~/(M, g) () L™°°(M\Y) and hence C €
Ly, (M, g). For sufficiently large j we even have C € Lg (M, g), cf. relation
(4.17). This gives us the continuity of

C:H(M) — H) "7 (m)

for every sufficiently large j, for some asymptotic type P depending on C. Since
this holds for all j, it follows that C has the desired mapping property in (3.11). For
C* we can argue in an analogous manner, using that formal adjoints of operators in
the edge calculus with weight data g belong the calculus with weight data g* :=
(=y + u, =y, (—=(k + 1), 0]). This completes the proof of Theorem 4.7. O

5 Asymptotics and operators on cones
The analysis of edge operators refers to spaces with discrete asymptotics and pseudo-

differential operators on infinite cones. Here we give some notation.
Throughout this exposition we write

Op, (@)u(x) = / / S OTE (¥ Eu(x)dx' dE (5.1)
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for pseudo-differential operators in R” > x ( or open subsets of R”) with double
symbols a(x, x’, &) of some order, d§ = (2x)"dE.
By a discrete Mellin asymptotic type R we understand a sequence

R={(rj,nj)}jey CCxN (5.2)

for some index set J C Z such that TIcR := {r;} jel intersects the strip {c < Rew <
'} in a finite set for every ¢ < ¢’.

A function x € C°(C) is called an R-excision function if x(w) = 0 for
dist(w, [IcR) < &g, x(w) = 1 for dist(w, [IcR) > &1, for some 0 < gy < &;.

Let X be a smooth closed manifold of dimension 7, and let R be a Mellin asymptotic
type.

Definition 5.1 By M I;"O(X ) we denote the space of all

f e A(C\IIgR, L™®(X))
which are meromorphic with poles at all ; of multiplicity n; + 1, and finite rank
Laurent coefficients at (w — rj)_(kH), 0<k=<nj, and xflr, € L=%°(X; I'p) for

any R-excision function x and every § € R, uniformly in compact B-intervals.

The space M " (X) is a Fréchet space in a natural way. Set
MU(X) := M (X) + Mg™(X)
in the Fréchet topology of the non-direct sum.

Let us now pass to spaces of distributions with asymptotics of type P. Considering
a discrete asymptotic type

P ={(pj.mj)},_

N € N U {00}, we say that P is associated with the weight data (y, ®), for a weight
interval ® = (9,0], —o0 < <O, if

HcP :={pj}j=0,..n C 5 —y+P <Rew< 2 _y]’

n = dim X, and N is finite for # > —oo, whileRe p; — —ocas j — ocofor N = o0
and ¥ = —oo.

For convenience we assume everywhere that P satisfies the shadow condition, i.e.,
(p,m) € P entails (p — k, m) € P for every k € N with

m—+1

Rep —k > -y +v.
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An example of sucha P is T = {(j, 0)} jen, the Taylor asymptotic type. Let us set

K (X7) = 1im K57 =7 =8 (X 7). (5.3)

e>0

Let P be associated with (y, ®). For a fixed cut-off function w and finite ® we form
the space

N m;
Ep(XN) = 10() D r P > cip()loghr s cjp € CX(X) ¢,
j=0 k=0

where 0 < k <mj, j =0,..., N. We then have £p(X") | Kg" (X") = {0}, and
we set ' '

Kyl (X" = Kg" (X™) + Ep(X™), (5.4)
which is a direct sum. The space ICi;y (X") for any asymptotic type P and finite © is
a Fréchet space with group action «, see (2.12). In fact it can be written as a projective
limit '

K (x") = lim E/ (5.5)
jeN
of Hilbert spaces for E® := K%Y (X”) and continuous embeddings E/ < E° for
all j, where E° is endowed with k = {ks}scr . like (2.12) which restricts to a group
action on E/ for every j € N.
For ® = (—o00, 0] we form ©; = (—(k + 1),0], P, := {(p,m) € P : Rep >
% — (k 4+ 1)}. Then we have the spaces IC;;ky (X") for every k € N, and define

KRV (X" = lim Kl (X™). (5.6)
keN
Similarly as (2.13) we set

ST XN) = TR (XN, KX = ﬂ IC5Y (X,

s,eeR
for every s, y, e € R; also these spaces are endowed with the group action «.
Remark 5.2 For any asymptotic type P associated with the weight data (y, ®) there
is a § > 0 such that for A := (-4, 0] we have continuous embeddings
KRV XM = KR7XM.

In fact, it suffices to set § = dist(Il¢ P, F%_y).

Edge symbols take values in the cone algebra over the infinite cone X 2, cf. (2.1). So
we briefly recall what we understand by the cone algebra. In cone pseudo-differential
operators on an infinite cone X we start observing the behaviour for r — oo, the
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conical exit to infinity. In this case the variables (r, x) € Ry x X are considered
for x in a coordinate neighbourhood U on X that we identify with x € R”. Then, a
standard process via an open covering of X and a subordinate partition of unity gives

us classical operators globally on R} x X for r — oo, indicated by L’}"” (-)exi¢ for a
pair of orders (u; v) € R x R. The local definition is as follows. Consider the space

sy (REH X RET) € o (R < RETY)
defined by symbolic estimates
|DEDLaE. &) = cup )P ()

for all @, B € N**! and (%, €) € R"*! x R**!, for constants cap > 0. The space
L*V(R"1) oy is defined as the set of all operators Op; (a) for arbitrary a(x, £) €
SHsv (R;+1 x RT1) The subspace of classical operators is defined in terms of symbols
in S(’j (R’g'H Y Sy (R;H'l ). The corresponding space with classical symbols is denoted
by

Ly (re) (5.7)

exit
This notation has an extension to R, x X for a smooth manifold X, which gives us
the spaces

LYY (R X X)exi 0oF LY (R4 X X))y -

More details can be found in [24, Subsection 1.4].

Definition 5.3 Let X be a closed smooth manifold.
(i) The space Lg(X”, g) of Green operatorson X2 foru e R, g = (v, y —u, ©),
is the set of all operators

G e ﬂ r (Ks,y;e (XA) , K:C;JQV—H;OO (X/\))
s,ecR
such that
G* e ﬂ r (]Cs,—y+u;e (X/\) ’ ,Czo,fy;oo (XA))
s,ecR

for some G-dependent asymptotic types P and Q.
(i) By Lyyg(X2, g) for g = (v, y — u, (—(k + 1),0]), k € N, we define the
space of all M + G for G € Lg(X?, g) and smoothing Mellin operators

k
M=r"o> roph (1o (5.8)
=0
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for cut-off functions w, ', and smoothing Mellin symbols f;(w) € MIQ;’O(X ) with
Mellin asymptotic types R;, and weights y; € R, satisfying the conditions

y—Jj=vi=y, HcRjNlup_ =0.

For g = (y,y — i, (=00, 0]) we define Lysg(X2, g) as the intersection of the
respective Ly spaces for (v, y — u, (—(k + 1), 0]) over k € N.

(iii) The space L* (X2, g)forg = (y,y — . ®), pn € R, ® = (—(k+1),0],k €
N U {oo}, is defined as the set of all operators

A = r{wOpl, (e + (1 — @)Op,(p)(1 — ")} + M + C (-9)

for cut-off functions w” < w < &', arbitrary h(r, w) € C® (R, Méf)(X)) and p(r, p)
given by

P p)i= p(rrp), B f) € € (Ro Ll (Xi Rp)).
M asin (ii) and C € L=°(X%, g), i.e.,
C : Hoohp(X2) — Hpd 7" (X2), C* ¢ Hogmh ™ (X) — Hige o/ (X®)

for every s € R and asymptotic types P and Q, depending on C.
(iv) The space L*(X%, g)exit for g = (v, y — i, ©), n € R, ® as in (iii), is
defined as the set of all operators

A=Ay +M+G (5.10)

for
Ay =rwOpl; " (o + ¢Op, (P)¢’ + x Pexitx’} (5.11)

where &, p are as in (iil), @ < o' are arbitrary cut-off functions, ¢ < ¢’ € CFF(R,),
and x < yx’ excision functions (i.e., 1 — x > 1— x’ are cut-off functions in the former
sense), wherew + ¢+ x =1, M+ G € Lyg(X2, g) and
;0
Pexit € Lﬁ (R X X)exi -
Clearly we have

L*M(X2, g)exit € LM(X2, g).

Let us finally recall the notion of conormal symbols of operators in L*(X?, g). By
that we understand the operator functions

» 1
oI (M) w) = i (a,fh) 0, w) + f;(w), (5.12)
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j =0,...,k, with k € N being involved in g. For j = 0 we also write oy (A) :=
oﬁ’fl (A), called the principal conormal symbol.
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