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A Martingale Proof of L, Boundedness
of Clifford-Valued Singular Integrals (¥).

G. I. GAUDRY (**) - R. LoNG (**) (***) - T. QIAN (*.*)

Summary. — This paper presents a theory of Clifford algebra-valued martingales on a o-finte
measure space, with respect to a pseudoaccretive weight. A novel dual pair system of Haar
Sfunctions associated with the Clifford martingale is constructed, and Littlewood-Paley esti-
mates are established. The dual pair system of Clifford Haar functions is used to give a new
proof of the boundedness of the Cauchy principal value integral on Lipschitz surfaces, and of
the Clifford-valued T(b) theorem.

0. — Introduction.

In this paper we present a martingale proof of the Lg-boundedness of the Cauchy
integral operator on Lipschitz surfaces. We then indicate how one proves the Clifford
T(b) theorem by using the same method. The method is in the spirit of [3]. Neverthe-
less, there are new features. One defines a suitable sequence of atomic o-fields on R%;
since the Clifford algebra is noncommutative, it is necessary to associate with each
atom a pair of Clifford-valued «Haar» functions. Thus, the appropriate «Haar» sys-
tem is in fact a system of pairs of Clifford-valued functions. We use only martingale
techniques to prove the Ly-norm equivalence between the function f and its Little-
wood-Paley function S(f). The first part of the paper is devoted to developing the rel-
evant martingale theory and Littlewood-Paley estimates for Clifford-valued func-
tions.

Versions of the T(b) theorem have been formulated by a number of other authors
([3], (6], [8], [16] for instance). It will be clear to the reader familiar with [6] that our
proof borrows a number of important ideas from that paper. Nevertheless, our ap-
proach stands on its own merits and offers a novel and unified treatment of the
themes in question.

(*) Entrata in Redazione il 15 luglio 1991,
Indirizzo degli AA.: Mathematics Discipline, School of Information Science and Technology,
The Flinders University of South Australia, P.0.Box 2100, Adelaide S.A. 5001, Australia.
(*#) Research supported by the Australian Research Council.
(**#¥) Research supported by the National Science Foundation of China.
(*.*) Research carried out as a National Research Fellow.



370 G. 1. Gaupry - R. Long - T. Qian: A martingale proof of Ls, etc.

The idea of using Clifford algebras in connection with singular integral operators
is due to R. CorrMaN. References [11]-[14] and [17] provide ample evidence of the
fruitfulness of this idea.

Thanks are due to ALAN McINTOsH and MICHAEL COWLING for encouraging us to
pursue a Clifford-martingale approach to these problems and for helpful conversa-
tions on the subject of this paper. The second author would like to express his grati-
tude to NEIL TRUDINGER for his kind invitation to visit the Centre for Mathematical
Analysis, where part of this work was carried out.

1. - Preparation.

1.1. Clifford algebras.

For the convenience of the reader, we include a brief overview of the basic ideas of
Clifford algebras. For more detailed accounts see[1],[2] and [17].
Let d be a nonnegative integer, and e, ey, ..., ¢; the standard basis of R1*¢,

DEFINITION, — The Clifford algebra A, is the noncommutative algebra over R gen-

erated by e, €, ..., ¢; subject to the relations
@) e =1;
(i) e = —1for 1sj<d;
(iii} e;e, = —exe; for 1<j<k<d.

If S is a nonempty subset of {1,..,d}, define the element es of A, as follows.
Write S in increasing order, say S = {j; <j» < ... <j}, and let es=¢; ¢;,...¢; . For
completeness, we write ¢; = ¢, = 1. The elements eg, S ¢ {1, ...,d} form a basis of A,.
The algebra A,; is given an inner-product structure by declaring the basis

1/2
{es}scq, . a to be orthonormal. Thus, if = 2 xges, then |x| = (% Exs|2) . Note
¢ . !

that, A, is a normed algebra, since there exists a constant C, depending on the dimen-
sion, such that

) ley| < Cla||y]

for all z, y e Ay.

When d =0, 1, 2, Ay is isomorphic to R, C, and the space of quaternions, respect-
ively. Although A, is not a skew field when d > 2, it is nevertheless the case that
every nonzero element of R'*¢(c Ay) has a multiplicative inverse. In fact, if « =
=Xy + X1e1 + ... + xgege R1E, then 2 ™' = &|x| 2, where the conjugate vector is
X =apep — %161 — ... — £z¢45. Note also the elementary identity

2) e l=bl=a'b-a)b'=b"1b-a)a!
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for all nonzero elements a, b € R'*%. The group generated by the set of nonzero ele-
ments of R!*¢ is called the Clifford group. If & and y are two elements of the Clifford
group, then |xy| = |x||y|: see[1]. ‘

Let Q denote an open subset of R!™% and f a C’-function on Q with values in A,.
The operator

_ i 2,
=0 Ox;
acts on f= %: Jfses as follows:

DEeFINITION. — The function f is said to be left-monogenic if D; f= 0.

If we let
d
_ Ifs
D:,«f— ,-20% 896]- Osei>

we can similarly define a right-monogenic function to be one for which D, f= 0. When
fis both left- and right-monogenic, we say it is monogenic.

The most basic monogenic functions are obtained by fixing a point y e Q and
letting

Yy —x

—_ly—xld'H’ rFY.

9y (%’) =

Further examples can be constructed from the basic ones as follows. Let X be a

smooth d-dimensional oriented submanifold of R!*¢, the unit normal to the manifold

at the point y congistent with the orientation being denoted n(y). If fis an Ag-valued

funetion that is absolutely integrable with respect to surface measure do, and x ¢ Z,
we define

®) Ty f@) = - j l——lﬁ n(y) ) do(y),

where o4 is the volume of the unit d-sphere. Monogenicity of T f follows by differen-
tiating under the integral sign.

It turns out that T f = fon Q if fis monogenic on a neighbourhood of Q, where Q is
an open bounded set with smooth boundary, Q ¢ R!*¢, X is the boundary of Q, Q lies
on one side of X, and n(y) is the unit exterior normal to £ = 82 at y. See[2]. For this
reason, the operator (3) is called the Cauchy operator associated to X (for say inte-
grable functions f).
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This paper deals not with (3) but with the corresponding singular integral opera-
tors on X. Define the Cauchy singular integral operator to be Ty where

2 - '
4 T = Zpv. | ———— d
@) (Ts f)&) adPVJ PR wy) f(y) do(y)

for x € X, whenever the principal value integral exists. The principal value is taken to

be lin% J ... . The question is whether the Cauchy singular integral operator

yeZije—y|>e
f—Ts f given by (4) is bounded on some function space carried by X, for a given class
of surfaces.

DEFINITION. ~ The surface X ¢ R1*? is a Lipschitz graph if
Y ={Aw) ey +u: u e R}

where A is a real-valued function which is differentiable a.e. and for which
sup [|04/0%; |, < + %.
J

DEFINITION. ~ The space Ly (X; A,) is the space of equivalence classes of measur-
able functions f on X with values in Ay:

flw) = %fs (x) eg

sueh that

12
IFlle = ( I% lfs(ac)lzda(x)) < 4o,
)

One of the principal aims of this paper is to prove the following result.

THEOREM 1. - If X is a Lipschitz graph, then the Cauchy singular integral opera-
tor is bounded from Ly, (X; Ay) to Lo (X; Ay).

Notice that, if fis a real-valued L,-function on X, then 7'y is Agvalued, and that
its scalar part (Ts ), viz. the e-component of T, f, is the singular double-layer po-
tential operator

(y — 2, n(y))
|?j—96|d+1

® T 0@ = Zpx. [ fw)daty).
x

Theorem 1 therefore has the following consequence.

COROLLARY. - If X is a Lipschitz graph, the singular double-layer potential oper-
ator (5) is bounded from Ly(Z) to Ly (X).
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Both Theorem 1 and its Corollary are already known [4], [14], but with different
proofs.

1.2. Clifford-valued martingales.

Let X be a set, # a o-field in X, v be a non negative measure on $, and {7,}>.. a
non-decreasing family of o-fields in X satisfying the following conditions:

6] _Um J, generates B;

@ (1 & = {9, X}
(iii) the measure v is o-finite on B and on each ,.

Let Fbe a sub-c-field of B such that v is o-finite on & Since (X, F) is o-finite, X can
be written X = U U; where U; € ¥ and w(U;) < + «. If fis a locally integrable, scalar-
J

valued function on (X, B, v), i.e. a $-measurable function whose integral is finite on
every set of finite v-measure, its conditional expectation E(f |F) is well-defined by
specifying that, on each U, E(f| ) is equal to the conditional expectation of fiu; with
respect to (Fy;, vjp;). It then follows that, if A is any set in & of finite v-measure,
then

6) jE(fl:r)dv = jfdv.
A A

If f is integrable, then (6) also holds for every A € & whether of finite v-measure or
not.

The definition of conditional expectation can be extended to locally integrable A4
valued functions, by specifying that, if f= ‘2;, fses, then

E(f|5)=§l77(1%|5f’)es-

The characteristic martingale property (6) holds also for Ajvalued functions f.
We write L? (&, dv; Ay), or simply L? (dv; Ay), 1 < p < o, for the Lebesgue spaces
of Agvalued Fmeasurable functions on X. The space Li.(dv; A;) has the obvious
interpretation.
Suppose that ¢ is an L™ function on X with values in R'*¢,

DEFINITION. — Suppose that E(y|F) # 0 a.e., and let fe LL.(dv; Ay). The left- and
right-conditional expectations E' and E" of f with respect to & are given by the
formulas '

) EU(f) = E'(f|F) = EQ|F) ' E(f|F)
(8) E"(f)=E"(f|F) =E(fp|F)EQ@|F)".
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"The conditional expectations with respect to 7, are denoted E'(f|%,) or E.(f), and
E"(f|F,) or E;(f).

The mapping properties of E* and E™ are good only under further assumptions on
the funetion ¢.

PROPOSITION 1. — Suppose 1 < p < «. The operator E' (resp. E™) is bounded on L?
if and only if there exists a constant cy > 0 such that

© el < |E@W|F)x)| s¢p for ae. x.

ProoF. -~ This follows by modifying the corresponding argument in[5]. ™

A funection ¢ € L™ (X; R!1*%) that satisfies (9) is said to be pseudoaccretive with re-
spect to F. We take as a standing assumption from now on that the condition (9) is sat-
isfied for the generic Fand for all &,, the constant in (9) being independent of %. That
being so, it follows that, if fe Li,(dv; A;), then E'(f) and E"(f) are locally inte-
grable also.

The main elementary properties of E' and E” are as follows.

PRrROPOSITION 2. — Let the notation be as above. Then
(@) If g e L™ (F dv; Ay), then
EY(fg) =E"(fyg.

Similarly, the right-conditional expectation E” commutes with multiplication on
the left by g. '

b E'Q)=E"(Q)=1.

(¢) If fe Li.(dv; Ay), and A is of finite measure (resp. fe L' (dv; Ay), and A is
measwurable), then

(10) ngEl(f)dv = ngfdv,
A A

(11) JE’(f)sbdv = Jﬁ,bdv.
A A

(d) For m <m, we have
(12) E, (B, () =E,(f
where E, denotes the left- (or right-) conditional expectation with respect to F,.

(e) Writing 4, =E. ~EL_,, and A, = E} - E,_;, and

(£, 90 = | frg v,
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we have

& f, 8hg)y=0,  for all n=m, and f,geL:(dv; Ay).

PRrOOF. - Statements (a) and (b) are obvious. To prove (c), suppose that A e &
Then :

lefdv: ij¢Elfdv= jE(XA¢Elf)dv= jXAE’@)Elfdv: fgbfdv
X X X A

A

since E'f and A are Fmeasurable. Similarly for E”.

Part (d) is proved as follows: for the left-conditional expectation, for
example,

ELEL()) = B, () By (B, (W) B, () =
= B, ) B (B [0E, ) B @)D = B ) B, ) = BL(P).

The argument for the right-conditional expectation is similar.
Finally we prove (e). For n > m,

G f, Bugls = [ & folhngdy = [ By & folly gy = [ By (85 ) g dv =

= [Brs G s @ B @ gy = [ B N By @) Srgdv =0,
where the last step used (12). For m > n, the proof is similar. =
DEFINITION. - Let fe Ll (dv; Ay). The left-martingale with respect to {F,}* ., gen-

erated by f is the sequence {f.}*. = {EL(f)}.. The left-Littlewood-Paley square
function is

© 172
S = (1 124 3 |4 112
if the limit f* . = dim EL(f) exists pointwise a.e..

The right-martingale and right-Littlewood-Paley square functions are defined
similarly. Note that if fe U>1L” (dv; Ay), and wX)= + o, then fL,=0.
See [13]. mors

If fe Li. (dv; Ag), the BMO-norm of f is defined to be

(13) | flleso = sup 1B, (1f — Ey-r £1°)I2°
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We shall need to use the fact that, if ¢ € L” (dv; R'*¢), then ¢ e BMO, and

(14) ( S |Ak<¢>|2) < Cll¢ Joso < Cll9lE

for every n. (As usual, «tilde» refers to the ordinary conditional expectation.) By the
John-Nirenberg inequality, the right-hand side of (13) is equivalent to sup |E,(f-
—E, fD|«. See[9] and [10].

The following Littlewood-Paley result is one of the essential 1ngred1ents of this
paper. In the proof of Lemma 1, and elsewhere in this paper, C will denote a constant
which may vary from line to line.

LEMMA 1. — There exists a constant ¢ > 0, depending only on ¢, and d, such
that

(15) ¢ IS, < 1k, < eSO e,
for all fe L, (dv; A,), where S denotes either S' or S”.

ProOF. —~ We consider the left-martingale case only. The other case is treated simi-
larly. Let n, be fixed, and consider the sequence {#,}, > », and the corresponding part

1/2
of the square function: ( > A f |2) . If n=mny+ 1, we have

nzn+1
16) A& f=E(|5)  BUf|F) - B\ %) Bf|Fy1) =
= [BE|5)" - Bl %) 1B %) + Bl 5, ) [Br] ) - Berlg, )l

Therefore,
an 4O < CULWI* [EQF TN+ [5,6H1%),

by (1), (2) and (9). Since v is o-finite on F,, we may write X = 'U1Uj’ where
. - j=

UycUsc ... and the sets U; are in &, and of finite measure. Fix M = 1. Then
by (17), ' '

(18) j > & fRsc

nzny+1

[ 2 1B@f|5)P Lyl + [ 3 1IZin(sbﬁl%lv)s
Uy Zng+

nEny

nzng+1

sc( S ERWH|L,W)|2dv + f |¢f|2dv)s
J

c( [ 3 ErenlLwid+ | Iflzdv)
n>no+ ¥
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by the standard Littlewood-Paley estimates [9], where

Ex(h=_sw [/
nptlsjsn.

Let T, = k;ﬂ |4, ¢|? for m = ng + 1, and set T, = 0. If N > n,y, we have

N —
w S EEHILWP = X BEGHT = Tan) =

n=mng+

N-1 — ~ ~
= 2 Lo BE D ~ BEGN) - BEWN Ty

It follows from (14) and (19) that

n>netl Uy n=ng\k=n+1
-2 Enﬂ( e sblz)(Em(sbf) — By <
Uy

<l¢lBwo [ lefI*dv<Cliglf. [ 1£12dv.
Uy Un

In the last step, boundedness of the maximal function on L?(U,,) is used. The con-
stant does not depend on M nor on n,.
Using (18) and (20), we conclude that

@) j OMNESLE ¢ [ Ifi2dv.
Uy

The left-hand inequality of (15) follows by letting M — + » and then ny— — » in
(21).

In proving the right-hand inequality in (15), we need to use the following facts. If
g e L2(dv; Ay), then

(@) lirE Elg=g= lim E!g in the L:-sense.
N> + 0 n—> +
®)  lim_ Elg=0= Jim_ E;g in the LZ-sense.
© g=23M4g=2 4y
These results can be established in much the same way as the corresponding scalar-

valued results are proved in [9], Chapter 5. Of course the condition (9) is crucial in the’,
proofs.
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Suppose that f, g e L2(dv; A;). Then

= U (iﬂﬁg)%b(iﬂinf) dv <CIs"glLl S

22) “fsbg dv - Ij( 3 Az;ngf) dv
X X
by Proposition 2(e), (9) and the right-hand inequality in (15).
The proof is completed by taking the supremum in (22) over g such that |g|l, < 1
and using condition (9) again. W

REMARK. — See also[13] for further results about Clifford-valued martingales.

13. A fomily of o-fields and an associated pair-basis-system.

The development in §1.2 deals with general o-fields and martingales. We now
construet the particular example, and associated «Haar» functions appropriate to the
analysis of the Cauchy integral.

Let X = R%, # the Borel o-field, and let dv be Lebesgue measure, also denoted dz.
The Lebesgue measure of a measurable set U will be denoted |U|. Let & be the o-
field generated by the family 4, of cubes of side length 1, whose corners lie at the
points of the integer lattice. Divide each cube I € §; equally by the hyperplane that bi-
sects the edges parallel to the x;-axis, and let &; be the family of «dyadic-quasi-cubes»
" so produced. Let & be the o-field generated by 4,. Now subdivide each dyadie-quasi-
cube of J; into two dyadic-quasi-cubes by the hyperplane that bisects the edges paral-
lel to the x,-axis, and let &% be the o-field generated by the new family of dyadie-
quasi-cubes. Continue in this manner, at each stage bisecting each dyadic-quasi-cube
of the previous family by the hyperplane perpendicular to the next coordinate axis.
This produces the sequence {&,};-,. The o-fields F,, n < 0, are produced by the re-
verse procedure to the one just desecribed-successive doubling in the coordinate di-
rections. Note that each dyadic-quasi-cube (i.e. atom) in F 4, k € Z is actually a stan-

dard dyadic cube, of side length 27*. Finally, let § = an_ . In- Note that every I e I is

a dyadic-quasi-cube, say I € 4,_;, and so can be written I = I, U I, where I, and I,
are dyadic-quasi-cubes in 4,,.

From now on, we work only with left-martingales, so we simplify notation by
writting E,, 4,, f,, ete. in place of E., 4, fi, ete. The function ¢ € L™ (X: R*%) =
=L~ (R%; R1*9) is still assumed to satisfy (9), but with respect to the particular se-
quence {F,}2. of o-fields just constructed. The folowing lemma is another essential
ingredient of this paper.

LEMMA 2. - Foreach I e, ,1 =1, U, where I, I, € 3,, there is a pair of Ay
valued functions o7, B; on R? and a positive constant C such that
® ar =0yt oy, (@5 Ay

Br=biy, +bays, (bjeAy;
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(ll) fO’V all fE Llloc (Rd; Ad)’
A, f@) = oar @)y, f)y (el

(i) C IV < |oy)| < C|I|7Y2 and C~YI| V%< |B()| < C|I|7Y2 for
all xel and oll I,

() Jq;a,dx: jmdw:o

PROOF. - Define «; and 5 as in (i). It is then a matter of choosing a,, a,, by, and b,
so that (ii)-(iv) hold.
Consider (ii). Since &, and F,_; are atomic, we have

on I, with similar formulas for E,(f), etc. Let u = ng/(t) dt, u; = Jap(t)dt g=12.
Then on I,

4 f= EQ|F) "EQSf1F) ~ E@|F1)  EQS|Fomr) =

I

[ sbfdw)xh + uz-l( ] safdac.)xfz - u( [oraz+ | sbfdw) G+ 1) =
Iy I Iy

Iy 1

It

Iy Iy I

((u{l - u‘l)J¢fdx - u‘ljgbfdx)x,l + ((uz‘1 - u‘l)ngfdx - u“jgbfdx)xlz.
I

On the other hand,

ar(Bry £y = (alblfsbfdx + alszsbfdx)xh + (azsz‘ﬁfdx + azblfsbfdx)llz-
,II . Iy » I

2

Comparing these last two expressions, we see that we should choose a;, b; (Z = 1, 2) so
that

1 1

a1b1=uf1—uh y - agbz U _‘u_ , a1b2: _u_l

= agbl .
Keeping in mind that u = %, + u,, and applying (2), we see that this system of equa-
tions can be expressed more simply as

1

(23) {lel u- ’1/62’1/(/1 ’ (Ilgbg:%_l%lﬂzz_l, a1b2= —% ", &261 = "’I/{zhl.

The solutions of (23) are of the form

) oy =u luse, ap=—u ‘uc, by=clu', by=—-clug!

where ¢ is an arbitrary invertible element of A;. We now wish to choose ¢ so that (iii)
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holds. In fact, it is apparent from (i) and (24) that (iii) holds if ¢ is taken to be
1.
It remains to check (iv). From (i) and (24) we have

nga,d:)(: = ng(alxh + (lz}([z) dx = Uy Ay + Ugtp =

= (g% "y — Up P uy) € = g u T — up)e — (— up)u uge =0.

From (24), we have [ Grydx=0. m

2. — Proof of Theorem 1.

In what follows, we suppress the fact that the Cauchy (singular) integral is a prin-
cipal value by writing our operators in terms of ordinary integrals. It is of course
necessary to attend to the question of existence of these (principal value) integrals at
appropriate places. Most of the analysis is carried out on R? rather than on X. The
principal values are to be interpreted as the ones obtained by projecting the Eu-
clidean balls in X onto R? and integrating over their complements.

Let ¢() = AW) ey + v (v e RY) be the coordinate system on X defined by A. Then

the unit normal vector to 2 is n(¢(v)) = (gy ~ VA())/V1 + |VA(v)|% In terms of these
coordinates, we have

$) = ¢w)

) ) — g1+ n($) h(¢®)) V1 + |VA@) |*dv =

Ts h(¢(u)) =

W) — $(u)
[$(v) — gau)|***

4 () h(g(v)) dv
say, where ¢(v) = ¢y — VA(v). Since |VA®W)| < C, we see that Ts is bounded on
L, (2; Ay) if and only if the operator

¢(v) ¢(u)
T f+>
| T gl

(25) fw)dv

is bounded from L, (R?; A;) into Ly (R%; Ay).
We note that, if I is a dyadic-quasi-cube, then the principal value integral
$(0) — $(u)

[60) — g

Ty (w) = G(@) x; W) dv

exists and defines a locally integrable function. The existence and local integrability
of T(yx)w) on the set RY\ I are straightforward. Moreover, the singularity of
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T(by)(u) as u— T in R% \ I is O(log (dist (u, 81))). To treat the case where u € I, it
suffices to consider

-
T3P = pv. |~ n) F) o),
ly — x|
. X
where F' vanishes off ¢(/) and satisfies a uniform Lipschitz condition. Write

Yy—x
'y_x|1+d

_ymr

o "W F@ ).

Ty F(x)=p.wv. J

b
&

n){F(y)—F @)} do(y) + p.V.J
P

The Lipschitz condition on F' gives an appropriate control on the first integral, whilst
the monogenicity and cancellation properties of the kernel ¥ — /|y — z|'*¢, com-
bined with Cauchy’s theorem, give a suitable control on the second integral.

Write the operator in (25) in the form

Tf(u) = j Ku, v) fw) dv.
Rd

The essential properties of the kernel K are contained in the following lemma.

LEMMA 3. ~ The kernel K sotisfies the inequalities

(26) |K@x, p)] <Cle—y|™® @=y)
, |z — %]
@n |K(x, y) — K@', y)| Scm
and
, i
(28) |K(y, x) — K(y, x")] scm

forall x=y, lv—2a'| <1/2|x—y|.

Let § denote the span over Ay of the set of characteristic functions of dyadic-
quasi-cubes. The space ¢S of pointwise products with the function ¢ is a right-linear
space over A,. Similarly, 8y is a left-linear space over A,;. Using the ideas of [7], it is
possible to define 7¢ as a Clifford-left linear functional on the subspace (8¢), of S{ con-
sisting of functions having integral 0: fix g4 € (S4),, and choose N so large that the ball
By of radius N about 0 contains the support of g. Then define

T(g0) =T, ) g0) + [ [9@) 4 @H{K @, 1)~ KO YH1- o)} 4(9) ddy =IP+ 1.

This definition is meaningful because of the properties (27) and (28) of the kernel K. It
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is an important fact that
29) (Br, TY), = TUBrY) = 0.

This can be proved by taking account of the following observations. (a) IfP — 0 as
N — ». (b) By using the monogenicity of the Cauchy kernel, along with Cauchy’s
theorem [2], it can be shown that Nlim T({yg,)(x) exists and is independent of

& e supp ;. Since ;¢ has integral 0, it follows that lim T(gxg,)(5,¢) =0. In estab-
« . N-—
lishing (b), one works on the surface X.

We note that, if T is the operator f— J fly) K(y, x)dy, then

(T*Grd)y by = Ctrr Ty
for all dyadic-quasi-cubes I, J. Just as for the operator T', we have
30 (T, Br)y =T By =0.
By Lemma 2, if fe L,(R%; Ay), we have

=3 s =Sl )

and formally,

T@f) = JEJ T(aXBrs f )y = %“1(51: Ty (Bry [y =§ ar ;(ﬁlr T(gos))y (Brs £y -
Let uzy = (81, T(«;)),. By Lemmas 1 and 2, it suffices to show that the linear trans-
formation on {%(5; A,) defined by the matrix (u;;) is bounded. We shall do so by using
the following variant of Schur’s lemma.

LEMMA 4 (Schur). — Suppose there exists a family (w;) of positive numbers and a
constant C such that

31) @ ; lwjurs| < Cop (e
and )
(32) (li) ; ‘CL)]’H/IJI = COJJ (I € :j)

Then the maotrix (uﬁ) defines a bounded operator om 12(%; Ay).

ProoF. — This is a natural modification of the proof of the scalar ver-
sion. ®

We shall apply Lemma 4 by taking w; = |I|* for an appropriate positive number ¢.
(Recall that |7| denotes the Lebesgue measure of 1.) We begin with some basic facts
relevant to the estimation of the terms ({87, T(Ja,)), .
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NOTATION. — Suppose that I and J are atoms in J, and &, respectively, and that
n = m. An atom A e 7, is said to be contiguous to J (resp. contiguous to J°) if A is not
contained in J (resp. J€), but has part of its boundary in common with the boundary of
J. Using a certain licence in notation, we denote by I + J the union of J and the atoms
A, in the same o-field as I, that are contiguous to J. In particular, 2J denotes the
union of J with all of the atoms in &, that are contiguous to J. The bottom-left corner
x; of J is the vertex of J having minimal coordinates.

LEMMA 5. - Let I and J be atoms, in F, and F,, respectively, with n = m. There is a
constant C, independent of m and n, such that, if I <2J\J, then

|2 — y| ¢dedy sCIIl(log—ll% + 1).

IxJ

Proor. ~ This is an elementary calculation. =

LEMMA 6. -~ Let I and J be atoms in '—Qw F;. Then
(D) for all x¢2J, ”
(33) [T(ay)| < C|T| 248 g — ;| 7174
(i) of 1c@2J), then

(34) '<ﬁ17 T(SbaJ))“ < C|I| —1/2 ,Jl1/2+1/df Im _ QCJ, _lvdd.%‘;
I

(iti) for all x ¢ J,

| Tan@)] < CIJ| 72 [ o ~ y| ~*dy;
J

(v) if IS2I\J, then

. I 1/2 J
o Ty < C {715z g 71 +1)

(In all of the statements, the constant C is independent of I and J).

Proor. — (i) This derives from the cancellation properties of the Haar function a;.
Thus,

T§a) = [ K, )4 as () dy = [IK@, y) ~ K, w14y as () dy.
J



384 G. 1. GAUDRY - R. LoNG - T. Qian: A mwrtingale‘proof of L,, etc.

So it follows from (28) that if x ¢ 2J, then

ly — ]

Ix_xJil+d dy <

| T@a)@)| < C|T| 2 f

< C|J|Y2 |2 — x;| " Csup |y — @y | < CIJ|V2HYE oo — oy | 170,
yed

(i) This is clear from (i) and Lemma 2 (iii).
(iii) This follows from (26).

@iv) This is clear from (iii)) and Lemma 5. =

The estimation of X, |I|* |{8;, T(¢=,)),| will be divided into three parts, each with
a number of separate cases, depending on the relative sizes and disposition of the
atoms [ and J.

Case 1. The sum with vespect to atoms I larger than J.
Fix J € &, and consider the set 2J. Let x; be the bottom-left corner of J. Congider
atoms Ie J,, n <m.
(@) If I lies outside 2J, then, by Lemma 6(ii) and Lemma 2(ii),

[(Br, TG, | < CLLI 2TV [ [~ | =~ .
1

Consequently, the estimate of the part of the Schur sum corresponding to this case
is

> I8, T(oe))s | SCkil(zkIJI)t—uzI 3 clJll/z“/dfloc—xJI’l'ddxs

Ie U 7, Ic2)Y €y TCRJ) i
n<m

<C i QHt-1/2)| J|t+1/d J le — 2| ' ¢dz < C i oue-1/2 | J|t < C|J |
k=1 i k=1
if t<1/2.

(b) For a fixed » < m, the dyadic-quasi-cubes that meet 2J are of two kinds:
those that lie in 2/ \\J, and one that contains J. If I lies in 2J\\J, then it follows from
Lemma 6(Gv) that

t < M _‘!‘_ 1 <CJt
lI‘ |<‘BI’ T(sbael)h‘ sC |J|1/2 ].Og 'I, =+ = I |



G. I. GAUDRY - R. LoNG - T. Qian: A martingale proof of Ly, etc. 385

since the ratio of the measures of I and J is bounded above and away from 0, indepen-
dently of I and J. Since the number of such terms is bounded, independently of I and
J, the corresponding part of the Schur sum is O(|J]")

If I contains J and is larger than J, then I can be written I = I, U I, where I; and
I, are atoms in &, , ;. Suppose that J ¢ I}, and write 8; = 8y yr, + B2 x1,- Then (see (29)
and (30)), :

(B> Ty = = (Bryags TWap)), -

Now I{ contains part of the region 2J\\J, on which we can use Lemma 6(iii), and part
of (2J)°, on which we can use Lemma 6(i). Specifically,

<

~

B5) (B, TWap)),| = l & J () T(pory ) () die
If

2IN\J @n°

sclﬁﬂ( f [ T(goy ) () | dac + f IT(gbaJ)(x),dx)s

SC|I|7Y2|J) V2 f dacfIx—yl’ddy+C|I|”1/2|Jl1/2“/df |2 —a;| e <
NI I @y

|J|l/2

<C{{I| 7|72+ 1| T Ty < C 77

the second-last step by Lemma 5. As for (8 x1,, T(¢a,)),, We have that I, is disjoint
from J; so the same kind of estimate as in (85) can be established.

The estimate of the part of the Schur sum corresponding to dyadic-quasi-cubes
12J (n varying) is

> (TP [{8r, TQap))y| < Cél(zk [J|)t~1/2|J|1/2 <c|J

Ie U & ,I27
n<m

provided ¢ < 1/2.

Case 2. The sum with respect to atoms I smaller than J.

In this case, we are dealing with atoms J e &, and [ € &, with n > m.

(a) If I lies outside 2J, then J-lies outside of 27. So by Lemma 6(i) applied to
TY,

[Tt (Br)@)| < CIT|V2HY g — gy | 711
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and so

T (B ), agd, | < CI|VEYE|J| V2| | — oy | 714 de <
¢
J

< C|I|V2HY4 | |2 |y — | ~1-0 < C|T| V12 |J|1/zj | — @y 14 de,
7

the middle step because I ¢ (2J)°. The corresponding'Schur sum estimate is

S IIlt+1/d—1/2lJ|1/ZI |m_le—1—dde
Ie U 5, 1n2/=0 i

SC 3 (@7F|J| i1z | g1 I le — ;|1 %dx < C 3 @ B2 | J|E< Ol
k=1 k=1
@y

provided ¢t > 1/2 - 1/d.

) fINJ=9andIc2J\{U +J),then J ¢ (QI)F. So by the analogue of Lemma
6(i) for T°

B6) {6, TWaly| = (T Gra), ashy| < OV |72 1)1 [ o = | -4
. |

Let d(x,J) denote the distance of the point « from J. The atom I may have unequal
side-lengths. Let I(I) be its smallest side-length. Then it follows from (36) that

1

-1/2 1/2+1/d
BT (B, TWap)y| < C|J| 2|1 dGy, J) s

< ~1/2 | 711/2+1/d | 7] -1 dx

G G+
Let L and ! be the maximal and minimal side-lengths of J. Then L < 2l and I < |J| <
< 2414, The dyadic-quasi-cube I e &, , , has minimum side-length I(I) = 1/2//4+1 Tt fol-
lows from (37) that the estimate of the relevant part of the Schur sum is
therefore

> \T1E (8, T@ap)), | <

Ie U &, Ic2INU+J)
n>m

<C o—k | J)t+1/d-1/2| | ~1/2 dx <
kgl( 7D 171 dx, J) + 127 %41
2IN{I +
" 3L 3L 21
- - - du
<c X @D o [ | <
0 0 19-kld-1
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©

<C z (2~k|J|)t+1/d-1/2 |J| ~1/2 |J|(d—1)/d log (%l_é%d;l) <

]

CZ k)t+1/d 1/2 lJIi<C,J[€

provided ¢ > 1/2 — 1/d.
() If Ic(+J)\J, we have I ¢2/\J and so, by Lemma 6(iv),
1] (1 1]

{_JFE og —+— +1}.

7]
In the region (I + J)\.J, there are O(L?~' /(12 %4-1)¢~1) atoms that belong to &,.
(Divide the maximal face area of J by the minimal face area of I). In other words,

there are O@2"1-Y/?) guch atoms. The corresponding Schur sum estimate is, from
(38),

(38) (81, TWap))y| <C

C 2 2" kIJl)Hl/zlJl 1/2 J. ok(1-1/d) _ CIJI E k@~ k)t 1/2+1/d<C,J|t

provided ¢ > 1/2 ~ 1/d.

(d) If IcJ, and L is contiguous to J¢, we write J = J; U J;, where J; and J; are
atoms in &, ;. Let oy =y, + a2, and suppose that 7 ¢J;.

Consider first those atoms I ¢J; that are contiguous to J{. We have

181, Ty )Y | = [{Brs Ter gyl | = KT(B1 )y arisp))y| <

j T4, )(@) (@) o, dac +' [ l

Jfnar Jf\ZI
So
B9 (B, TWe s )| S

<C|I|-V2| 7|12 f dxj»]m—yrddy+C|1|1/2+1/dj;x—x,rl-ddxs
2IN 1 I @ne
7]

I
<Cl| 217122 1| log(l——l— + 1) + O[S

171
by Lemma 5 and the analogue of Lemma 6(i) for T'*(8;¢). Since J, ¢ J{, the same argn-
ment as in (39) shows that
|I| 1/2
172

There are 021 -1/®) atoms in ,, , , that are contiguous to Jf. See the argument in

(40) (81, T ys,))s] <C
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1(c) above. It follows from (39) and (40) that the Schur sum estimate, appropriate to
the atoms that are contiguous to J{, reduces to

C i (z—lil)Hl/z lJl -1/2 |J| ~1/2 2k(1—1/d) — C‘J‘t i (2—k)t—1/2+1/d < ClJlt ,
k=1 k=1

which holds provided ¢ > 1/2 —1/d.
(e) If IcJ, and I is not contiguous to J{, then by the analogue of Lemma
6@1),

<

==

1Br, T(goy XJ1)>¢ | = ' J THBr)) pla) o % (%) dee

< C|J| ‘sz | T4 B ) @) | de < CI| M2+ || ‘l/zj |z — x| 1 %dx <
Jt _ It
1

< C|I|1/2+1/d |J| -1/2 d(xl ch) .

A similar estimate holds for |(;, T(Yazs,)),|. So the relevant Schur estimate is (cf.
1(b) above)

okl ~ 1/d)

ok | J )+ +1/d | | -1/2 | S
;2:1( | D I | ]-21 jlz—k/d

< CkZI (2—k|J|)t+1/2+1/d|J| -1/2-1/d ok log(zk(l—l/d)) < Ckgl k(ZAk)t~1/2+1/lelt| < C‘J't

provided t > 1/2 — 1/d.

Case 3. Atoms of the same size.

Here we need estimate only the term (3;, T($a;)), since the arguments for Case 1
can be used to estimate the other parts of the Schur sum.
According to Lemma 2, it suffices to prove that

|Gurs T | < CJI

for all dyadic-quasi-cubes I. To do so, it is necessary to use the monogenicity of the
Cauchy kernel. So we pass from T back to 7'y. Recall that the coordinate mapping is
#(v) = A(w)ey + v. Consider, for small ¢ > 0 and = = ¢(u) (u e ),

' —x

(41) J 7?/::0_|1:d_ WY) xs (Y) da(y) -

Let P, be the tangent hyperplane to X at x; set afu) = dist (u, 9¢I), and b = b(x) =

le—y| >«
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= dist (x, 9¢(I)). Write (41) as

.t f =11+12
b> |z —y|>e |z —y| >b
say. Then
C|I|1/d'
|1] SClog( |

Using Cauchy’s theorem [2], we can write

(42) L=+ j +

Sy 8. x,yePy, b>lz—y| >¢
where S, and S, are the portions of the spheres of radii b and ¢ respectively that lie be-
tween ¥ and P,. The third integral in (42) is 0, since the kernel is anti-symmetrie, and

the integrals over S, and S, are bounded by a constant, independent of #, ¢ and b.
Therefore

c|I|Ye
alu)

|Gers T | < CH | +leog( )duSC[II. [
I

NOTE ADDED IN PROOF. — The Cases 1-3 do not exhaust all possibilities. The omit-
ted cases can be treated by modifications of the arguments given above.

3. —~ The T'(b) theorem.

The version of the T(b) theorem stated below is formulated for an operator T from
(a subspace of) Ly (R%; Ay) to Ly (R?%; A,). The proof we give can be modified in the
obvious way to prove a more general theorem for operators from L.(R%; A;) into
L (R%; A,), where d; is not necessarily the same as d. The case d; = 1 was treated by
Davip [6].

Suppose that b; and b, are two pseudoaceretive functions. The space b; Ly (R%; Ay)
is defined as the space of products of the form b, f, fe Ly(R%; Ay). Similarly for
L, (R%; A,) by. These spaces are isomorphic to L, (R%; A,). Let $ denote the space of
finite linear combinations over A, of characteristic functions of dyadic-quasi-cubes.
Then b; S is dense in b; Ly (A;). Denote by (Sby)* the space of Clifford-left-linear func-
tionals on $b,, with values in A;. Similarly, (b, S)* is the space of Clifford-right-linear
functionals on b;S.

Let T be a mapping from b, S into (8by)* that is Clifford-right-linear, and let 4 =
= {(x, y): ©=y}. As in[7], we say that T is associated with a standard Calderén-
Zygmund kernel if there is a C* function K on R? x R4\ 4, with values in Ay, and a
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number ¢ such that 0 < &< 1,

1

(43) | K, )| <C——
|z —y|

(x#y)

44) |Kx, y) — K, yo)| + |K(y, 2) — K(yo, ©)| S

ly—wl” 1
$Cm 1f|y—y0|<§|y—x|
and
45) T(b: £)gbe) = | [ 9(@) by @) K@, )by () F(y) dwdy

for all f,ge 8 having disjoint supports. In conformity with (45) we write, in
general,

T, f)gbs) = <g, T(by f))bz .

If T'is a left-linear mapping from $b, to (b, $)* such that
(g’ T(bl f)>b2 = <T t(gb2)’ f)bl

for all f,g €8, and T is associated with the kernel K, then T'!is associated with the
kernel K(y,x) in the sense that

Tt ) = [( [ 0000 KGa, )i s fp .

We say that T is weakly bounded with respect to by and by if there is a constant C such
that

|T(b1XQ)(XQb2)| S C|Q|

for all dyadic-quasi-cubes @. This definition is formally different from the usual one
([7], [8]), in which the test functions are taken to be smooth. However, the two defini-
tions are equivalent [6]. ' '

If he L™ (R%; R!*%), then Th can be defined as in [7] as a linear functional on the
subspace (8hy), of Shy, consisting of functions having integral 0. In the statement of the
Theorem below, the statement that 7(b;) e BMO is taken to mean that there is a func-
tion ¢, say, that is locally integrable, belongs to BMO, and is such that (g, (b)), =
={g, ¢, for all g € (Shy). A similar interpretation applies to 7 *(by). The space BMO is
the one defined in (13), for the sequence of o-fields of § 2.

THEOREM (T(b) Theorem). —~ Let T and T be as above, T being associated with
the standard Colderon-Zygmund kernel K. Then T is extendible to a bounded linear
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operator from by Ly (R%; Ay) to Ly(R%; Ag) by if and only if
(i) T(by), T'(bs) € BMO;
(i) T is weakly bounded with respect to b, and b,.

ProoF. — The necessity of conditions (i)-(ii) was proved in the classical case by PE-
TRE, SPANNE and STEIN ([18],[20] and [21]). Their proof can be adapted to the more
general Clifford-algebra setting.

To prove the sufficiency, we treat first the case where 7(b;) = T *(b,) = 0. To each
of the pseudoaccretive functions b, and b, we associate a Haar basis, as in § 1. We de-
note the respective pair-bases by {(@, 8”)};c s and {(=®, 8%)};< 5. Then we have the
formal expansion

Ty f) = 2 af? (@7, Tos ooy (B S -

Let
ugy = (8P, Tbyal), .

It suffices to show that the conditions of Lemma 4 are satisfied when «; is taken to be
|I|* for a suitable positive number {.

Since T'(b;) = T''(b,) = 0, and the kernel associated to T satisfies (43) and (44), the
statement and proof of Lemma 6 hold unchanged for the present more general opera-
tor T. An examination of the estimates in Cases 1 and 2 shows that they go through
unchanged, thanks to the assumption that 7(b,) = T'(b;) = 0. Cf. especially Case 1(b)
and Case 2(d). The estimates of the part of the Schur sum corresponding to Case 3
hold by virtue of the weak boundedness assumption. (In § 2, the conditions T'(b;) =
= T'%(b,) = 0 and weak boundedness are consequences of the Cauchy integral theo-
rem.)

The general case: T(b;), T'(b;) e BMO. This can be treated by adapting the ideas
of DAVID [6] to the martingale setting. Let T(b;) = ¢;, and T%(by) = ¢5. We de-
fine

(46) Uif= 2 & @EL 067

4,7 =1,2, 1 #j, where E? and 47 are the left-conditional expectation operators and
left-martingale difference with respect to the pseudoaccretive function b;. It is obvi-
ous that U;b; = ¢; (i = 1, 2). The kernel K; of the operator U, is given formally by the
expression

47 K@yp= 3 T p@a @, ¢i>bj( ] bi)‘lmy).

I
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It is easy to check, using the expression (46), that
AOU; =00 $)ED_1(b71f).
We claim that

(48) 1S9 W; Nl < Cliflle,

S® denoting the Littlewood-Paley square function with respect to b; and that there-
fore U, is bounded on L,. To prove (48) note first that

@9 |89wiflE= j 218260 BL (b f)|2dwscj§|A¥>(¢i)|2(E<z>=x;(b L)<
<C[, 2 Bus[ 2, 18060) (%067 0% - e P

where E{* g = sup |E@g|. Now ‘
ms<k

(50) By (mZk 143240 12) < Cligillbmo

for every k. This is because, if I € &,_;, then we can restrict the o-fields {F,}r-r_1 to
I and conclude that, on I,

3 () (4.)]2 ) Y2de =

— I j 2 |40 (8 — B2 (@) P dw < =+ T J'@ mm J bi$i * o =

=‘(;‘ ‘?‘Z Il J@dy mw J ”'(qsi‘”l}_\[f‘ﬁidz)d“

where we have used the notation |I|9 = J b;dx. This establishes (50). Returning to
I

2
< (| [Bwo

(48), we have therefore that
18 W; HIE < Cligilfimo [MF ¥ dz < CI 1B,

Mf denoting the usual Hardy-Littlewood maximal function. This proves (48).
By Lemma 1, U; is bounded on L,. The transpose operator U} is also bounded on
Ly. If @ =,

(Ut s o= (b Usbi ) = D> (Jbam)(ﬁ(]),qbi>bj( [ bi)_l(Jbi f)=

k=~ Ied.
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since fbjagﬂdx =0. So Ul(b) =0 if i #j. Now let R =T — U, — U}. We have
(61) R(by) = R'(by) =

The operator R is also weakly bounded. We wish to show that R, and hence T, is
bounded on L, by applying the methods of proof of Theorem 1. This effectively re-
duces to checking that the operators B and R satisfy the same kind of conditions as
those given in Lemma 6. Now the proof of Lemma 6(iii) and (iv) uses only the proper-
ty (26) of the kernel K. Consider the kernels associated to UJ; and U}. They are given
by (47) for i = 1, 2. Now for fixed x # ¥, and fixed %, there is at most one I € §,_,, say
I,_;, for which the summand in (47) is nonzero. For such a term,

(52) |z —y| <C27*

where C is independent of x, y, and k. Let &, be the largest integer for which (52)
holds. The sum in (47) is then, in norm, at most

C 2 I -1/2
_‘wlkll |I ,

[ 18 @yl 1~ Gon,_ldy <

-1

ko ko
<Clgilemo 2 ey ) 7P < Cligillomo 2 2% < Cll¢sllmo 2™ < Cll¢illamo |2 — y] ™
k= —o —®

by (52).
As to the analogues of (i) and (ii) of Lemma 6, we note that, if J is a dyadic-quasi-
cube, and x ¢ 2J, then

Ui =5 | 3 @ (o ¢1>bz(j ) (f bl“‘”)

is zero. In fact, the last factor in a term of the double sumation is nonzero only when
I cJ. But then y;(x) = 0 since x ¢ 2J. So the term is zero. A similar argument applies
to US. Therefore conclusions (i) and (ii), as well as (iii) and (iv), of Lemma 6 hold for
the operator R. The operator R’ is treated similarly. Given that R(b,) = R'(by) = 0, it
follows that the proof of Theorem 1 applies mutatis mutandis to the operator
R. =
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