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ABSTRACT ARTICLE HISTORY

This paper aims to obtain decompositions of higher dimensional Received 2 January 2018
[P(R") functions into sums of non-tangential boundary limits of Accepted 15 April 2018
the corresponding Hardy space functions on tubes for the index COMMUNICATED BY
range 0 < p < 1. In the one-dimensional case, Deng and Qian 32A35
recently obtained such a Hardy space decomposition result: for any
function f € LP(R), 0 < p < 1, there exist functions f; and f, 'I_‘IE‘;WORDS .
such that f = f; + f,, where f; and f, are, respectively, the non- ardy spaces on tube

. L :; . domain; decomposition;
tangential boundary limits of some Hardy space functions in the rati N

. ional approximation

upper-half and lower-half planes. In the present paper, we generalize
the one-dimensional Hardy space decomposition result to the higher
dimensions and discuss the uniqueness issue of such decomposition.

1. Introduction

We begin with a survey on the case of one-dimensional Hardy spaces H (C¥) for 0 <
p < oo. For the classical case p = 2, the famous Paley-Wiener Theorem states that, for an
L*(R) function f, it is the non-tangential boundary limit of a function in H(C™) if and
only if suppj‘ C [0, 00), the latter being equivalent with

f = X[o,oov?, (1)

where x[o,00) is the characteristic function of [0, 00). Similarly, f € H 2(C7) is equivalent
with

f = Xoonlf 2)
From the relations (1) and (2), a canonical decomposition result is obtained as
f=fr+f,

for f € LA(R), where f+ = (x{000)f)" and f~ = (x(_oo01f)" belong to, respectively, the
Hardy spaces H*(CT) and H*(C™). In the present paper, we call such decomposition as
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Hardy space decomposition. It can be alternatively obtained through the Hilbert transfor-
mation in view of the Plemelj formula in relation to the Cauchy integral transform. For
the relevant knowledge, we refer the reader to, for instance, [1] and [2].

In principle, the purpose of Hardy spaces decomposition is to express functions of
bad behavior into functions with much better analysis properties. Precisely, Lebesgue L?
spaces are constituted by equivalent classes of a.e. equivalent functions: one therefore
cannot talk about smoothness. On the other hand, Hardy space functions are constituted
by holomorphic functions defined in the respective domains that are functions of best
properties. There is complex analysis methodology, or Cauchy’s theory, available in study-
ing Hardy space functions (see [1,3,4]). This decomposition, in particular, gives rise to
rational approximations, the latter being the source of various applications. For instance,
some recent studies promote positive frequency decomposition of signals [5,6].

It is a striking fact that lifting-up of certain H?, p < 1, functions are Hardy H? functions
(this fact is crucial in the proofs of the main results of this study) . For the latter, there
exists well developed frequency decomposition theory. Incidentally, in the recent signal
sparse representation, studies in conjunction with neural network and learning theory
researchers use L'/2 spaces which is in the scope of the present study as well.

There have been studies on Hardy space decomposition for extended index range of
p. Both the above mentioned Paley-Wiener Theorem related Fourier spectrum charac-
terization and the Plemelj formula can be extended to Hardy H? (R) spaces with p # 2.
Systematic studies on the spectrum properties as well as the L? decomposition are carried
out in the works of Qian et al. [2] among others. Their work is summarized as f € H?(C*)
if and only if f € LP(R) and in the distributional sense suppf C [0,00) forall 1 <
p < oo. Comparatively the Plemelj formula approach is more applicable than Fourier
transformation, for on the LP(R), p > 2, spaces Fourier transforms are distributions. As a
consequence, the Hardy space decomposition results also hold for f € LP(R), 1 < p < oo.
There also exists an analogous theory on the unit circle for 1 < p < oo. The latter context
corresponds to Fourier series other than Fourier transforms [1,7].

Turning to the case of 0 < p < 1, due to loss of integrability neither on the real line,
nor on the unit circle, the Plemelj formula, or the Hilbert transformation, is available.
The references [7] and [8] study the Hardy space decomposition of LP(R) for 0 < p < 1.
There is no Fourier transformation theory for functions in such L?(R) as they are even not
distributions. One, however, can still have the Hardy space decompositions. The reference
[7] uses the real analysis methods of harmonic analysis, making use of a dense subclass
of the LP(R)-functions with vanishing moment conditions and the Hilbert transforms.
In contrast, [8] uses the complex analysis methods, and, in particular, rational functions
approximation to achieve Hardy space decompositions. The methods in [8] are direct and
constructive. The following Theorem A is obtained by Deng and Qian in [8].

Theorem A [8]: Suppose that 0 < p < 1 and f € LP(R). Then, there exist a positive
constant A, and two sequences of rational functions {Py} and {Qx} such that P, € HP(C,),
Qr € HP(C.) and

oo
> (”Pk”gﬁ + Qe ) < AlIflip»

k=1
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Jim |If = Y (Px+ Qullp = 0.

k=1
Moreover,

o o¢]
g(2) =) Pi(z) € H'(Cy), h(z) =) _ Qi(z) € H/(C.),
k=1 k=1
and g(x) and h(x) are the non-tangential boundary limits of functions for g € HP(C..) and
h € HP(C_), respectively, f (x) = g(x) + h(x) almost everywhere, and

FI5 < llglh + lIRl5 < AplF 1.
That is, in the sense of LP (R),
PR) = H, R) + H (R),

where H (R) and H_(R) denote the set of non-tangential boundary limits of functions in
the Hardy spaces HP (C.) and HP (C_), respectively.

Recently we, in [9], obtain the Hardy space decomposition of L? for 0 < p < 1 on the
unite circle 3D using polynomial approximation other than general rational approxima-
tion. The result is stated as follows. Denoting by L‘; (0D) and L‘%(BD) the closed subspaces
of LP(3D), consisting of respectively, the non-tangential boundary limits of the functions
of HP (D) and H? (D), then we have

I (8D) = Lf(9D) + L} (3D,

where the right-hand side is not a direct sum. As a matter of fact, the intersection L‘; (0D)
and L% (D) contains non zero functions. The work on the unit circle exposes the particular
features adaptable to higher dimensions.

All the Hardy space results mentioned above for dimension one can be generalized
to dimension n in the setting of Hardy spaces on tubes with correspondingly the right
notions. In fact, [10] already contain some basic results, mostly for p = 2, while [11]
gives a systematic treatment for general indices p € [1, o0], including Fourier spectrum
characterization of Hardy spaces on tubes, the Cauchy integral and Poisson integral
representation of the Hardy space functions, the Plemelj formulas in relation to Hilbert
transforms, and the Hardy space decompositions of functions in the LP(R") spaces. The
purpose of this article is to prove the Hardy space decomposition of the LP(R") space
functions for p € (0, 1). In doing so neither the Cauchy integral formula nor the Fourier
transformation can be directly used, for the functions defined on R” are lack of integrability.
They are even not distributions.

In the present paper, inspired by the idea of [8], with the rational approximation method,
we obtain decompositions of functions in LP(R) for 0 < p < 1 into sums of boundary
limits of the corresponding Hardy space functions on tubes, H?(Tr,) (j = 1,2,...,2"),
through the rational functions approximation. The idea of using rational approximation
is motivated by the studies [12] of Takenaka—Malmquist systems.

We will discuss the non-uniqueness of the Hardy space decomposition via rational
approximation method. We conclude that the sum is not a direct sum. In fact, there
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is a non-trivial intersection of all those summed spaces. The intersection of those spaces
ng (R™) (j = 1,2,...,2") isidentical with the L? closure of the set of functions f € LP(R")
of the following form

P(X1,. .. >xl’l)
1_[]:’:1 l_[]m:1 (xk — axj) ’

where P(x1,...,x2) = axy' - x, = max{ly,..., L}, (m —Dp > 1, and ayj #

f(xlst’“-)xn) =

arm € Rasj # mfor k = 1,2,...,n, moreover, the notations Z(k) and a(;) mean that
Z(S) = Zi’;:o cee 2511=0’ and ag) = as,.s,, the same as in the following of the present
paper.

The writing plan of this paper is as follows: In Section 2, some basic definitions and
notations are given. In Section 3, we devote to establishing the higher dimensional Hardy
space decomposition of LP(R"), 0 < p < 1. The decomposition is a sum of boundary limit
functions of Hardy spaces on tubes, Hp(Trﬁk), forall k = 1,2,...,2". In Section 4, we
discuss the uniqueness of such Hardy space decomposition.

2. Preliminary knowledge

In this section, we introduce some useful basic definitions and notions. For more infor-
mation, see e.g. [1] and [10]. The classical Hardy spaces H?(Cy), 0 < p < 400, k = £1,
consists of the functions f analytic in the half plane C; = {z = x + iy : ky > 0}. They are
Banach spaces for 1 < p < oo under the norms

fll e = sup (/ If (x + iy)lpdx>P ;

ky>0

and complete metric spaces for 0 < p < 1 under the metric functions

o0
dif.g) = sup/ If (x + iy)[Pdx.
ky>0 J —o0

Let B be an open subset of R". Then the tube Tp with base B C R" is the set
Tg={z=x+iyeC": xeR", y € B}.

For example, when n = 1, the classical upper-half complex plane C* and lower-half
complex plane C™ are the tubes in C with the base B = {y € R : y > 0} and the base
B_ ={y € R: y <0}, respectively. Thatis, Ct = T, = {z=x+1iy: x € R, y >0}
andC™ =Tp ={z=x+iy: x € R, y <0}. Obviously, the tube T are generalizations
of Ct and C™.

It is known that n-dimensional real Euclidean space R" has 2" octants. To denote the
octants, we adopt the following notations.

First, we define and fix o1(j) = 1 forallj = 1,2,...,n, and denote by I',, as the first
octant of R”, that is

Toy={y =0y >y €R" 1 >0, j=1,2,...,n}.
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Similarly, we define oy (j) = +1or — 1 forallj = 1,2,...,n,and k = 1,2,...,2", and

let oy = (0% (1),0%(2), ..., 0k(n)).
Then 2" octants of R” are denoted by I';,, k =1,2,...,2", where

Lo ={y =0y yn) €R": oxk(j)y; >0, j=1,2,...,n}.

Correspondingly, C" can be decomposed into 2" tubes, denoted by Tl“ak> k=12,...,
2", That is
Tl“ak
A function F(z) is said to belong to the space H?(T3), 0 < p < o0, if it is holomorphic
in the tube T, and satisfies

={z=x+iyeC': xeR", y ey}

1
p
||F||HP:SUP{(/ |F(x+iy)|de> :yeB}<oo.
Ri‘l

Hence,
HP(Tg) = {F : F holomorphic on Tgand |F|gr < 00}.
The spaces H? (Tr,, ) are defined through replacing Bby I'g,, k =1,...,2".
Let I be one of the Fnj, a function, f, defined in tube TT, is said to have non-tangential
boundarylimit (NTBL) / in each component of the variable atxy € R"iff(z) = f(x+iy) =
f(x1 + iy1,..., %, + iyy) tends to [ as the point z = (x1, y1;5 X2, ¥2; .. .5 Xu, ¥n) tends to

Xo = (x(()1 ,0; x(()z), 0;...; x(()"), 0) within the Cartesian product

Ve (%0) = Ty (x7) X Ty x) x -+ x T, (x§) € T,

for all n-tuples @ = (@1, 02, . . ., oryy) of positive real numbers, where
Faj(xé])) = {(xj,yj) eCT: |xj —xg)| < ozjyj} ,j=12,...,n.

As an important property of the Hardy spaces, it is shown that if f is a function in a Hardy
space HP,0 < p < 00, then for almost all xp, f has NTBL [10].

Since the mapping that maps the functions in the Hardy spaces to their NTBLs is an
isometric isomorphism, we denote by Hgk (R™) for 0 < p < 1 the NTBLs of the functions
in HP(Trak ), that is

Hgk (R™) = {f : f is the NTBL of a function in HP(TFUk )}

forall k = 1,2,...,2". The non-tangential boundary limit of F(z) € HP(TFOk) asy — 0
in the tube are denoted by

F,(x)= Ilim F(x+iy) = lim F(x1 +iy1,....xn +iyn). (3
(%) yer;k’)’—“) ( ) O'k(1)y1_>0+:1~~-:0'k(”)}'n_)0+ it *n i) (3)
3. Hardy space decomposition of LP (R")

As previously mentioned in the introduction, for one dimension, in [8], the authors use
the rational approximation method to obtain the Hardy space decomposition for the
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range 0 < p < 1. As is well known, rational approximation has a long history, and is
naturally related to complex approximation [12]. As obtained in [8] through a rational
approximation method, for a given real-valued function f € LP(R), 0 < p < 1, there exists
the relation f = f; 4 f,, where f; and f_ are the non-tangential boundary limit functions
of some analytic H functions in, respectively, the upper-half and the lower-half complex
planes [8]. Precisely, the analytic Hardy space function f| € Hi, and thus, its boundary
limit function as well, are defined through a sequence of rational functions whose poles are
in the lower-half plane, and f_ € H, through a sequence of rational functions whose poles
are in the upper-half plane. We note that the Hardy spaces decompositions for functions in
LP(R), 0 < p < 1, are not unique. This amounts to saying that the intersection Hi N H?
a non-empty set.

In this section, using a higher dimensional rational approximation method, we will
generalize the above type of Hardy space decomposition of L (R) to higher dimensional
LP(R™), 0 < p < 1, and obtain Theorem 3.1. Specifically, for any real-valued function
f € LP(R"), 0 < p < 1, it is proved to have the Hardy space decomposition f(x) =
ijll fo;(x), where for each j, fo;(x) (j = 1,2,...,2") is the non-tangential boundary
limit of some H?(Tr, )-function. In fact, each analytic Hardy space function f,,j (x) € ng,
and thus, its boundary limit function as well, may be approximated by a sequence of
rational L (R")-functions whose poles are not in the octant TFUJ-- We will call such rational
functions rational atoms.

Theorem 3.1:  Suppose that f € LP(R"), 0 < p < 1. Then there exist 2" sequences of
rational functions {Rys;(2)} € HP(TFU]_), and fo,(z) € HP(TrU]_), j=12,...,2" such that
the following properties hold

(i)

oo 2"
DD R |7 < Aullf I, (4)
k=1 j=1 ]
where A, is a constant only depending on (n, p);
(ii)
oo 2"
F=222 R (5)
k=1 j=1

in LP(R™).
(iii)

fUJ = ZRkUj’ (6)
k=1

in LP(R") forallj =1,2,...,2";
(iv)  fo;(x) are the non-tangential boundary limits of functions fo,(2), and

2"
fx) = ngj(x), a.e x € R",
j=1

in LP(R™);
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W) .
FIS <D ey llp < Anpllf 15

j=1
(vi) Insummary, in the sense of LP(R"), we have

2"
P(R") =) Hb(R").
j=1
Remark 3.1: For the non-uniqueness issue of the Hardy space decomposition, we will
show that ﬂ]gzl ng (R™) is a non-empty set. We will prove it in Section 4.
In order to prove Theorem 3.1, we need the following lemmas. We note that the proof
of Theorem 3.1 is at the end of this section.

Lemma 3.1: Let Iy, be the first octant of R". Suppose that 0 < p < 1 and R is a rational
function with the form
P(2)
Qz)’
where P(z) is a polynomial of z, and Q(z) = Q1(z1)Q2(22) - - - Qu(zy), Q(zk) is a polynomial
ofz, k =1,2,...,n.IfR € LP(R") and R(z) is holomorphicin Tr,,, thenR(z) € HP(Trgl).
Deng-Qian [8] proved the special case n = 1 of Lemma 3.1 and obtained the following
Lemma 3.1-1, which is needed for the proof of Lemma 3.1.

R(2)

Lemma 3.1-1 [8]: Suppose that 0 < p < 1 and R is a rational function with R € LP(R). For
k = %1, if R(z) is analytic in the half plane Cy, then R € HP (Cy).

In order to prove Lemma 3.1, we need the following Lemma 3.1-2 which is obtained in
our recently work [13]:

Lemma 3.1-2 [13]: Iff(z) € HP(Tri), 0<p<ooj=12,...,2" and f(x) is the

boundary limit of f (z). Then ¢(y) is continuous convex and bounded in F(,j, moreovet,

I} = sup o) = (0,...,0) = IIfl,

i yEng

where p(y) = [gu |f (x + iy)IPdx, y € ng, j=12,...,2".

Proof of Lemma 3.1: 'We are to prove Lemma 3.1 by mathematical induction.

When n = 1, Lemma 3.1 is just Lemma 3.1-1.

Next, when n > 1, we assume that Lemma 3.1 holds for n — 1. Take ny = n — 1, and fix
t, € R\Zy(Q,), where Zy(Q,) = {z, : Qu(z,) = 0}. We consider the function r of n — 1
real variables defined by

r(x1>-x2 e >xn—1) = R(XI, .. ’xn—ls tn);

where (x1,%3...,%,—1) € R"!. The Fubini Theorem ensures that r(xi,x3...,%,—_1)
belongs to L? (R"1) for almost all t, € R\Zy(Q,). Moreover, it is easy to see that the
rational function r(zy, . . ., z,—1) satisfies the assumptions of Lemma 3.1.



COMPLEX VARIABLES AND ELLIPTICEQUATIONS (&) 613
Therefore, by the induction hypothesis, we obtain that r(zy,...,2z,—1) € HF (Tpn-1),
a1

where Tpn— denotes the tube with the first octant of R”~! as base.
o]
By Lemma 3.1-2,

/ 1 [r(x1 + iy, o Xn—1 + iyn—1)|P dxy -+ - dxy—y
R"-
< / |T(X1,...,xn71)|‘p dxl--~dxn,1.
Rn—1
That is
/ 1 [R(x1 + i1, .« > Xn—1 + iVn—1, %) P doxy - - - dxpy
R"-

< / RGP de e, )
Rn—

Integrating both sides of the last inequality with respect to x,, we have

/ |R(x1 + iy15 -+ > Xn—1 + iVn—1, Xn) [P dx1 - - - dxyy 5/ IR(x1,. .., x) [P dxy - - - dxy.
R? R”

(8)
By the Fubini Theorem,

/ </ IR(x1 + iy1, -« s Xn—1 + iyn—1,Xn) [P dxn) dxy - - dxp_1 5/ [R(x)IP dx.
Ri-1 \JR Rn ©)

So, fix (y1, ..., ¥n—1), for almost all (x1,...,x,—-1) € R"~1, we have

/RIR(xl + Y1 Xn—1 + iYn—1, X0) P dx, < 00.

That is, rational function R(x; + iy1,...,%y—1 + i¥a—1,%,) as a function of x, belongs
to LP(R). Moreover, since R(zy, .. .,z,) is holomorphic in Tr,» R(z1,...,2zn) as a func-
tion of z, is also holomorphic in upper-half plane C*. Due to the result for n = 1,
R(z1,...,2Zn—1,2y) as a function of z, is a member of H?(C*). By Lemma 3.1-2 again,

/ R(z1, .- Zn—1,%n + iyn) [P dx, < / |R(z15 .. > Zn—1, Xn) [P dxp,.
R R
Integrating both sides of the last inequality with respect to x1, . . ., x,—1, we have
f 1 <f IR(X1 + Y1« s Xn—1 + iYn—1,Xn + iyn) [P dxn> doxy -+ - dxy—1
R R
=/ IR(x + iy)|F dx
R}‘l

5/ 1</ IR(x1+iy1,...,xn1+iyn1,xn)lpdxn) dxp---dxy—1. (10)
R#= R
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Together with (9) and (10), we obtain

/ IR(x +iy)|P dx < / |R(x)|P dx.
Rn Rn

Due to the analyticity of the rational function R(z) in Tra1 , we get R(z) € HP (Tra1 ). The
proofs for the other octants are similar. So the proof of Lemma 3.1 is complete. 0

Similarly to Lemma 3.1, we also can get the analogous results about the other octants as
follows.

Corollary 3.1:  Let I'y; (j = 1,2,...,2") be all the octants of R". Suppose that 0 < p < 1
and R is a rational function with the form

B P(z)
Q)
where P(z) is a polynomial of z, and Q(z) = Q1(21)Q2(22) - - - Qu(2zy), where for each k,

Qx(zx) is a polynomial of zx, k = 1,2,...,n. If R € LP(R") and R(z) is holomorphic in
TF(,].) then R(z) € HP(TrUj),j =1,2,...,2"

Lemma3.2: If0<p <1, f € LP(R"), then, for ¢ > 0, there exist a sequence of rational
functions {Rk(x)}, Rk € A, such that

R(z)

Y IRl = 1+ &)1, (11)
k=1
and
o.¢]
f=Y R (12)
k=1
in LP(R™), where
P(x) .
A= 1{R(x) = 2 2l >degP,j=1,2,...,n¢,
{ (%) A1)+ 5D j > deg;P, j n}

P(x) = Z(k) a(k)xlfl . ~x,]§” is a polynomial of x = (x1,%2,...,%n) € R", ay are constants,
k= (ki,ka, ... kpn), anddeng =s,j=12...,n

Proof: We assume that f € L2°(R"), and let
Co(R™) = {f . f is continuous in R", lim f(x) = 0} .
|x|]—o00

It is obviously that A is a subalgebra of Cy(R") and A separates points. Since R” is a
local compact Hausdorft space, Cyp(R") is a Banach algebra with the supremum norm
IfIl = sup{f(x) : x € R"}. The Stone-Weierstrass theorem assures that A is dense in
Co(R™).

Suppose that 0 < p < 0o, and f € LP(R"). Let

IN() = f(0) X x| <Ns [f ()| <N} ()«
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It is clear to see that, |[fy(x)| < N, and
suppfy C B(O,N) = {x: |x| < N}.

Moreover, |[fy(x) — f(x)| < 2|f(x)| € LP(R"), and, limn_, o |fn(x) — f(x)|P = 0. Thus,
by the Lebesgue dominated convergence theorem, we have

lim / v (x) — f(x)[Pdx = / lim |fy(x) — f(x)[Pdx = 0.
N—oo Jgn Rn N—o00
Therefore, for gy > 0, there exists an integer N > 1, such that

Wy — fII5 < €0/3. (13)

Because fy (x) is a measurable function, according Lusin Theorem, there exists a function
g0 € Co(R™), such that

suppgo C B(O,N), |go(x)| <N, m(En) < &9/3(2N)?,

where Ey = {x : go(x) # fn(x)}. Therefore,

/ 80(x) = fy(FPdx = / |g0(x¥) — fiv (x)[Pdx
R BON)

< 2N)’ [ dx < g/3. (14)

Thus, we obtain

llgo — 115 = llgo —fv +fiv —FlIh < ligo —fw b+ llfv —f 15 < e0/3+£0/3 = 2e0/3. (15)

Taking integersTk such that ka >1, k=1,2,...,n, the fact suppgy C B(0,N) implies
n ~
g [T +xD% e Q™.
k=1
Since A is dense in Cy(IR™), there exists rational functions r(x) € A, such that
n ~
rx) — o) [ ] A +x0%| < (e0/3)"/2. (16)
k=1
In fact, 7(x) can be written as

P(x)

r(X) = —]'[ZZI (1 _|_x]%)lk,
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where P(x) = Z(k) akxlfl . -xln(”, degiP < 2l;, j = 1,2,...,n. Then, by (16),

P(x) : AP
- - 1 k< )
T, (s &0 El( < 3
or L
P(x) R P GV
[Trei @ + xplkth wn Tre, (1 + x2)k
Obviously, Q(x) = — L% ¢ A Thus,

[Tiy ) ke

1 (e0/3)
P _ ,
/Rn Q) —go()Fdx < — /Rn R dx < &0/3

Therefore, for any &y > 0, there exists Q(x) € A such that
1Q—fI5 = 1Q—go+g —flI5 < 1Q = gollh + llgo — £II5 < eo.

p
Thus, for any ¢ > 0, taking gy = Iﬂiio, k=1,2,...,there exist Qx(x) € A, such that

1Qk — 15 < &k

Moreover, the function Qg (z) is a rational function satisfying
€
1Qully = 1Qk = £ + 115 = 1Qk = £15 + 15 < e+ Iy = (14 75) W16

Thus, the sequence of rational functions Qi (z) can be chosen such that

1Qk— Qi—1llh = 1Qe—f +f — Qu—1llh < Qe —FIL+IIf — Qecrlh < 2ex, (k=2,3,...).

Let
Ri(2) = Q1(2), Rk(2) = Q(2) — Qk-1(2), (k=2,3,...).

Then {Rk(z)} is a sequence of rational functions satisfying (11) and (12). This completes

the proof of Lemma 3.2.

Lemma 3.3: Suppose that 0 < p < 1 and R € LP(R") () A is a rational function, where
A is the same as the A in Lemma 3.2. Then, there exist 2" rational functions Rq(z) €

HP(TFU]_), j=12,...,2" such that

271
R(2) =) Ro(2),
j=1

and

271
> " IRg 5 < CuplIRID, (17)
j=1
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2l-»
where Cyp = 2" ( —pﬂ) .
In order to prove Lemma 3.3, we need the following result, denoted by Lemma 3.3-1.
Lemma 3.3-1: If 0j(k) is defined as in introduction part, then there is
i [Ty Az ®

~ Ty (Blan™ i ® — doos®) —

where ¢ = (¢1,92,...,90n) € R" and

_i-¢
&) =g §<C

Proof of Lemma 3.3-1: Sinceoj(k) = lor —1forallk = 1,2,...,nwhenj = 1,2,...,2",
we have the following formula

szl (ﬂ(Zk)mwj(k) _ eiwktfj(k))

B(zr) ™™k

B(z)™

Uj(l!)_:[-i-l Bla)™ — etk l_[ | B~ — emik
= 11 L)mk 1—[ ek B (z)"k

oig=s1 P E™ = e (e — B (zi)™) B (2k) ™
_ l—[ B(zk)™* l—[ B(zi)™ 1_[ — oi%k

o3(=1 B(z)™k — el(Pk e IB(Zk)VHk — etk =1 B(zi) ™k
_ 1—[ Blz)™ 1—[ —_

iy Pl — etk oi0=—1 B (zi) ™

— ik
o=—1 g™

- n ek ’
l—[kzl (1 - ﬁ(zk)mk>

Therefore,
S e S OTET
n myoj(k) _ Ligroj(k)y vk -
=5 Tl (Ba™a® = ®) (1 e )
Thus, the proof of Lemma 3.3-1 is complete. 0
Proof of Lemma 3.3: Let R(x) € LP(R") () A be a rational function, so that R(z) can be
written as L .
P(z2) X mE

R(z) = =
I; I;
]1'1=1 (1+Z]~2)] ;l=1 a +Z]~2)J
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where p(21j — deng) >1forallj=1,2,...,n. Let

_iz¢
&) = £€C

asin Lemma 3.3-1. It is easy to know that S (x) = e?® where 0 (x) = arg (i—x) —arg (i+
x) € (—m,m)forx € R.

For each ¢ = (¢1,¢2,...,0n) € R", z € Tl“aj- The rational functions Roi(z,9) (j =
1,2,...,2") are defined as follows.

szl (B (zk)mkaj(k) _ eitﬂkdj(k))

Ro;(z,¢) = R(2),

where my > I + n (k = 1,2,...,n) are positive integers .
Then by Lemma 3.3-1, we have

271
R(2) = ) Re(z.9).
j=1

Next we are to prove that Rs(z, ) € HP(TrGj ), forallj=1,2,...,2".
Now we only consider the case that the base is the first octant of R", because proofs of
the other octants are similar. For any z € Tra1 ,

nZZl ﬂ(zk)mk

Ry, (z,¢0) = ——R(2)
=0 thmm—wn(
_ e ™ P(z)
[Tr—1 (Blz)™ — e9x) [Ty (zk — Dk (2 + i)

n — 1M . ymi—l;

) | P ) (18)
L1 G+ DT (B — e)

Since my > I, and |B(zr)| < 1, |e%| = 1, forall k = 1,2,...,n, the function Ry (z)isa

rational function which is holomorphic in the tube TT, .
Moreover, set

Iy, = / / |Ro, (x, ) P depdux.
nJ(—m,m)"

Then,

p

n myoy (k)
1 SLL, R(x)| dgi---dgndx

101 = /n /(_n,n)" 1—[;::1 (,B(Xk)mkal(k) _ ei(pk(n(k))

4 - IR(x)[P
_ / /_n f_ﬂ ;!—[1 T e e (19)




COMPLEX VARIABLES AND ELLIPTIC EQUATIONS . 619

Observe that
T 1 d
/_ 2 11— eroi—imatm p Pk
T 1
= ———df
/—71 11— ez@cj(k)|p
[ do _4 2 doe 2lrn 20
~ 2 sin? (9] T 2P Wy~ 1-p° (20)
n 2P| sin? (3)| o (%) p
By (19) and (20),
2= \" 21=r\"
%E( )hfmmwwz( )HMQ
1—-p R® 1—-p
Similarly,

21_p7T " p
uks<1_p)|mh

fork =2,3,...,2".
Therefore,

2n
Y=
k=1 (=mm)

Thus, there existsa ¢ = (¢1,...,¢,) € (— m,7)", such that

i 1— n
2Py
Ejmmﬁsf(l_ )nmg
k=1 P
where Ry, (x) = Ry, (x,¢), k = 1,2,...,2". This shows that the inequality (17) holds. It is

€asy to know that
Ry P <on : ' R
“ k ”p 1 p ” ”pa

for all k = 1,2,...,2". So rational functions Ry, (x) € LP(R"). By Lemma 3.1, and that
R, (2) is holomorphic in Tl“uk , we have

27!

n zl—pn- ! P
/ |Rg (2, )P dxdg < 2 (1 ) IR[,-
= JR" p

Ro (2) € HP(Tr, )

forallk =1,2,...,2™
Thus, the proof of Lemma 3.3 is complete. 0
We still need the following lemmas.

Lemma 3.4 [10]: Let B be an open cone in R". Suppose F € HP(Tg), p > 0, and By C B

satisfies d(Bo, B) = inf{|y1 — y2|; ¥1 € By, y2 € B} > & > 0, then there exists a constant
Cp(e), depending on & and p but not on F, such that

sup |F(z)| = Cp(&)|IF|lme-

ze TBO
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Given below offers a more precise estimation than that obtained in above Lemma 3.4.

Lemma 3.5:  Suppose thatf € HP(Tr), p > 0, and Tr is the tube with its base I as the first
octant of R". Iflet f5(z) = f(z + i), foranyz = x+iy € Tr and § = (81,82,...,08,) € T,
then there holds

sup |fs(2)| < Cpllf llgp (81 ---8n) P,

ZGTF

o=

where Cp, = (%)lg.

We note that the proof of Lemma 3.5 is obtained in our recent work [13].

3.1. Proofof Theorem 3.1

Based on the above lemmas, we are now to prove Theorem 3.1.

Proof of Theorem 3.1: 'WhenO < p < 1,by Lemma 3.2, for any f (x) € L?(R"),and ¢ > 0,
there exists a sequence of rational functions {Ri(x)}, such that

D IR < L+ o) I (1)
k=1
and -~
f=> R (22)
k=1

in LP(R"). For each k = 1,2, ..., by Lemma 3.3, there exist 2" rational functions Riq;(2) €
HP(TFGJ_) (G =12,...,2"), such that

271
Ri(2) = Y Rig (2), (23)
j=1
and
2}1
p p
> " IRkoy I < CuplIRi 5. (24)
j=1
Therefore,
oo 2" o0
DO Rkl <D CpllRillh < (14 &)Coplif 115,
k=1 j=1 k=1
oo 2"

f= ZZRkUj’

in LP(R"). By Lemma 3.1-2,
I Rkojll g2 = lRka;llps j = L2,...,2",
j

which imply that the properties (4) and (5) hold.
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Moreover, for any § = (81,02,...,0,) € Faj, andj = 1,2,...,2", by Lemmas 3.4 and
3.5, there exists a positive constant Ms < oo such that

Ry 2+ i8)] = My 1R

Hence,
p

m m
<Y IRk (z +i8)IP < Ms ) [IRoy 5,
k=1 k=1

m
D Rioy(z +i6)
k=1

forz € Tl"aj- This implies that the series Y o, Riq;(2) uniformly converges to a function
fgj (2) in the tube domain Trg‘ ={z=x+iyeC": x € R", gj(Dy; > oj(1)3), | =
1,2,...,n} forany 8 = (81,85,...,8,) € [

As a consequence, the function f5, () is holomorphic in TFaj- Property (4) implies that
property (6) holds. By properties of Hardy spaces on tubes, the non-tangential boundary
limitf(,j (x) of functionf(,j (z) € HP(TF,,}.) exists for everyj = 1,2,...,2".

Therefore, property (5) implies that

27[

f) =) fo )

j=1

holds almost everywhere, and moreover,

2Yl
FI <> Ifey iy < AplIFI.

j=1

Thus, the proof of Theorem 3.1 is complete. O

4. Non-uniqueness of Hardy space decomposition

In this section, we are to answer the questions asked in Remark 3.1 of Theorem 3.1. For
the one dimension, A.B. Aleksandrov [7,14] obtained the following theorem.

Theorem B [7,14]: Let 0 < p < 1 and XP denote the LP closure of the set of f € LP(R)
which can be written in the form

N

G
f(x):Zx—w’ aj R, ¢eC.

j=1 !

Then
XP = HY (R) N HY. (R).

We note that, A.B. Aleksandrov’s proof of Theorem M [7,14] is rather long involving
vanishing moments and the Hilbert transformation. Deng and Qian [8] present a more
straightforward proof for Theorem M. In this section, our aim is to extend Theorem M
to higher dimensions. In order to do this, we need first to extend the following Theorem
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C obtained by J.B. Garnett ([1]) and Theorem D obtained by Deng—Qian [8] to higher
dimensions.

Theorem C [1]: Let N be a positive integer. For 0 < p < oo, Np > 1, the class toy is dense
in HP(C), where vy is the family of HP(C™) functions satisfying

(i) f(2) is infinitely differentiable in C,
(ii) |z|Nf(z) — 0asz — oo.

Theorem D [8]: Let N be a positive integer. For 0 < p < oo, Np > 1, the class Ry (i) is
dense in HP (CT), and the class Ry ( — i) is dense in HP (C™). Where a € C and Ry () is
the family of rational functions f (z) = (z + o) N=1p(—L), P(w) are polynomials.

We obtain the following three theorems for higher dimensions.

zt+a

Theorem 4.1:  Let N be a positive integer. For 0 < p < 0o, pN > 1, the class voy is dense
in HP(Tt), where vy is the family of HP (Tr) functions satisfying
(i) f(z) is infinitely differentiable in Tr,
(ii) |z|Nf(z) — 0as |z] — oo, where |z| — 00 means thatzi — 00, 1 <j < n, z =
(ZI,ZZ, cee ,Zn) € TF~

Proof: We can approximate f(z) € H?(Tr) by the smooth function f(z 4+ i/m) = f(z; +
i/m,...,zy+i/m).In fact, the property that the existence of the boundary limits functions
of Hardy space functions assures that

Ifm —fllgp — 0, m — oo.

We will construct the special functions gx(z) such that

(a) gk(2) € oy,
(b) lgk(2)| <1, z€e T,
(©) lgk(z)| = 1, z € Tr,ask — oo.

Before we construct the above functions gx(z), we note that the functions

Jm(2) = gm(2)f (z +i/m)

in o and then obtain the desired approximation.

That is to say, if there exist the special functions gi(z), we can complete the proof of
Theorem 4.1.

As the heart of the proof, we are to construct the functions g (z) in the following. Let
(Wi, Wy ooy W) € T, (0 Qks -« .5 0) €R", 0 < ap < 1,and o — lask — oo.

Consider the function

hew) = [ T oi(wp,
j=1

: N+1
Wi+ .
where @;(w)) = (HJTkW]> ) j

Then,
ew)l = | Jeiov)| =] |

j=1 j=1

= 1,2,...,nhas infinite (N + 1)—fold zero at —ay.

N+1

w; +«o
SR o) (25)

1+ agwj
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. n
Fixing N, hy(w) converges to 1 uniformly on the compact set D \ | J Ek, where
k=1

D=DyxDyx---xDy, Dp=|z| <1, k=12,...,n,
and

Ep ={(W, ..., Wj—1, =k, Wj, ..., Wy) © Wj € Dy, k # j}.

i—z] i—zy
i+z12° " itz,

Then, for w = (Wi, wa, ..., w,) = ( ) and o = (ag, 0, . . ., ak), we define
the functions
8k(2) = hi(agw).
Below we verify that the function gx(z) satisfies the three conditions (a), (b), and (c).
In fact, for condition (a),

" ouwi + o N
() = hogw) = [ | (M)

20
i1 I+ apw;
N+1

N j—

wi+1 itz
1—[ N+ | WiTh HaNH s
1+a w; Py g

n . N+1
_ N+1 2i
% \areita—ady)
- )i )z

It is clearly that gi(z) satisfies the first condition (i) of the class toy. Moreover, there holds

|z|N gk(z) — 0 as |z| — oo. This implies that g, (z) satisfies the second condition (ii) of

the class toy. Therefore, gk (z) € ton, which shows that g (2) satisfies the condition (a).
For condition (b), from (25), we can get that

lgk(W)| = |hg(cgw)| < 1.
For (c), it is clear that
g(w) = h(ogw) — 1, k — o0, z € Tr.

Thus, the proof is complete. O

We shall notice that the condition Np > 1 implies that the above class toy is contained
in HP(Tr). Let o = (a1, 2, ...,a,) € C" and let Ry («) be the family of the rational
functions

f(Z):(Zl+051)_N_1(22+052)_N_1"'(Zn+05n)_N_1P( CH )

zZ1 t+o Zn + oy,
wherez = (z1,22,...,2,) € C"and P(w) are polynomials. We notice that the class Ry («)
is contained in the class roy for Imej > 0, j = 1,2,...,n. Thus, we obtain the following

results.
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Theorem 4.2: Let N be a positive integer. For 0 < p < oo and Np > 1, the class
RN, 1,...,1) is dense in HP (TT).
Corollary 4.1: Let N be a positive integer. For 0 < p < oo and Np > 1, the class
RN (0j(1)i,. .., 05(n)i) is dense in HP(TFUJ,), ji=12,...,2"

The proof of Corollary 4.1 is similar to the proof of Theorem 4.2, so we only prove
Theorem 4.2.

Proof of Theorem 4.2: If f(z) € HP(Tr), Np > 1, then, for any ¢ > 0, by Theorem 4.1,
there exists function fy in H?(Tr) () C*(Tr) such that

lim  [zNTfy(z) =0,
|z]— 00,z T

and
Ifn —flime <e.

The fractional linear mapping

(W) .l—Wj
Zi=oW;) =1 N
] ] 1+W]

j=12,...,m,

is a conformal mapping from the n-tuple unit disc
D=D; xDp x---D, = {(Wl,Wz,...,Wn) eC": |W]| <l,j= 1,2,...,1’1}

to the first octant of C", Tr = {(z1,22,...,2,) € C" : Imz; > 0, j = 1,2,...,n}.
Its inverse mapping is

i—Zj .
wj = B(zj) = Tz j=12,...,n
Let
hn(w) = fy(a(wy), . .., a(wy))
and AN(wr, .., wj, =Lwjgn, . wn) =0, j=1,2,...,n.
Then hy (w) is continuous in the closed disc D, and

N+1 N+1
—w 1—w
hyw) li—— | i/ o,
1+ w; 1+ wy,
aswj — wo € F, [w—wo| — 0,for j =1,2,...,nandw € D\F, where F = U]'-Ll Fj, F; =
{we, o owj, —=Lwjp,ooowy) D lwil <1, j=1,2,...,n}.
Therefore, for wy € F,
hn(w) o
H;l:1 1+ Wj)NH >
as wj —> wo, |wj| <1, j=12,...,n.
Let
hn (w) ™
’le(w) _ VTS, wpNH w € D\F (26)
0 weF
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Then ZN(W) is holomorphic in the n-tuple D and continues in the closed set D.
By the Stone—-Weierstrass Theorem, there exists a polynomial Py (w) = PNy (w1, ..., wy)
such that

[hnw) — Px(w+ D] <&, lwil <1, wj # —1, j = 1,2,...,m,
that is
n
)/ [TA+wpNT —Pyw+ D] <&, |wl <1, wi#-1j=12...,n
j=1
Thus,
n n
V@), am)) = [ TA+w)N e+ D < e [T +w N,
j=1 j=1

wherele| <L w#l j=12...,n

Since zj = a(w)) = zi;—x and wj = B(z) = % forallj = 1,2,...,n, the last
inequality becomes
n .\ N+1 . . n . N+1
2i 2i 21 2i
z) — P <e¢
n(z) H(H—zj) N(H—zn i+zn> - 1_[ i+ z
=1 J=1
forz € Tr, Imzj >0, j = 1,2,...,n. Therefore, we can obtain that
Lot —(N+1)p
/ Ifiv(x + iy) — R(x + iy)|P dx < P2 +DP 1_[/ ‘(1 +x]~2)‘ dx;j < oo,
Rn j=1 —00
where z = (21,22,...,2,) € Tr and
n . \N+1 . .
2i 21 21
R(x +iy) = p e e RN(G,i,...,10).
x+ 1) E(sz) N(i—i—zn i+zn> N( )

This concludes that the class RN (i,4,. .., 1) is dense in HP(Tr). Therefore, the proof of
Theorem 4.2 is complete. O

The following result shows that the HardX space decomposition of LP(R") for0 < p < 1
is not unique and the intersection space ﬂle ng (R™) is a non-empty set.
Theorem 4.3: Let0 < p < 1 and let XP denote the L? closure of the set of LF (R")-functions
of the form

P(x1,...,%xn)

[Tz l—Ijmzl (o — ag)’

where P(x1,...,%n) = ) agxy - Xy L= max{ly,...,1,}, (m — Dp > 1, and ay; #
agm € Rforj #mandk =1,2,...,n.

f(xbe’---)xn) -
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Then
2”
Xt = (") HER") # 0.
j=1
Proof: Firstly, we will show that X? C ﬂ]z; ng (R™). Let
2 (s Az )
[Tz T2 (ke — ax)”

f(ZbZZ;---azl’l) -

ar = (ak1, .. ., am) ERY k=1,2,...,n

Then f (2) is a rational function with singular part being contained in | J;_, Gj, where
G ={(z1,...,2n) : Imz; =0, zx € C, k # [}. Itis clear that the set G; is not in the octant
and U?zl G C ]2;1 3TFaj- So f(2) is holomorphic in Tl“gj, forallj =1,2,...,2"
oreover,

S 4
. ‘Z(s) a(S)zl "z
/ If (x + iy)|P dx = /
® BTz T2 G _akl)‘

< Zla(s)lpl_[/ ‘

To

|P
dxy. (27)

1_[] 1 (Zk - ak])‘

Observe that, the function

Sk
k.

Ri(zk) = = ——»
L (2 — ak)

is holomorphic in the upper-half and the lower-half complex planes. Moreover, we can
prove that Ry (xx) € LP(R). In fact,

+00 +00 |x5k ip
/ |Rc (i) 1P daxe =/ dxy
> |H] 1 (ke — ak])‘

|x Ip |x |p
_ / 5 dxy, +/ [ dox.
Ixx|<M |1_[;11 (xx — akj)‘ |xx|>M ‘]_[;11 (xx — akj)‘

where M is sufficiently large so that the interval (— M, M) contains all the poles of Ry (x).
Then, for the first integral in the right hand of the last inequality,

P
‘xk | dx < Mskp dxk
<M | P <m [T2) 1xk — aglP’
el < ‘njzl (xp — akj)‘ el <m [T j

which is finite since 0 < p < 1.
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For the other integral, we have

|xik \p |xsk |P
/ 7 dxk = / ka
Ve >M (1‘[].";1 (xk — akj)( il >M ‘ iy (1= ak]/xk)‘

- / dxy

o [T 11— agg /el
< ﬁ M — akj|p / dox

- |M|P x| >M |x|("‘ Kp’

which is also finite since (m — sx)p > 1. Therefore, Ri(xx) € LP(R).
By Lemma 3.1, together with Ri(xx) € LP(R) and the analyticity of R (xx), we get that
Ri(zx) € HP(CF). Thus, ||R||ge < ||R||1»; and the relation (27) becomes

/R fGe+ il dx < lag PRI} < oo.
N

Hence, we have
271

P P — n
fe(H (Tr,), j=12....2"
j=1
This shows that
2”
P
fx) € () H5,®R™.
j=1
Hence X? C ﬂ ng] (R™) as desired.
Next, we will show X? D ﬂjzl ng (R™).
Let there exist f5,(2) € HP(TF(,],), j=1,2,...,2" such that

f(x) :faj (x) :f01 (x),

forall1 <j, I <2" ae.x € R"
By Theorem 4.2 and Corollary 4.1, for any ¢ > 1, there exist

Raj € gRN(O']l)
such that
P 4
”faj - Raj”ng = ”f - Rcrj”p <

forj=1,2,...,2"
The fact R(,j € Ry (oji) implies that there exist polynomials P(,j, j=12,...,2" such

i—z
that for B(z;) = ﬁ, k=12,...,n,

n N+1
R (2) = Po (B + 1, (5@ + D [ (70 +1)

k=1
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where (N+1)p>1, N+1> max{degP(,]. 1 j=12,...,2"}.

It is easy to see that the singular part of Ry;(z) are contained in Uk—1 Hx which is not in
Traj,where Hy ={(z1,...,2z4) : zx = —0j(k)i, z1 € C, k # 1}. So R, (z) is a holomorphic
rational function in Troj, ji=12,...,2

Let

ZJ 1 ]—[k (= ewk) l_[k 1 ,B(Zk) m(R (Z) Ry, (2))
R(z,¢) = Ry, + ,
&9 = Fn @ szl (B — eih)

where (m — max{degP 1 j=12,...,2"} = N—Dp >1l,and ¢ = (¢1,...,¢,) € R".
We thus are aware that the singular part of the ratlonal function R(z, ¢) is contained in
ﬂ Tr,, = = R". So R(z, ¢) is holomorphic in U =1 Tr, -

Note that B(xx) = %) where 0(x;) = arg (i — xk) — arg (ix + xx) € [—m, ] for
x; € R. Moreover, set

J = / / IR(x, @) — Roy (0)]? dgpdx.
n [_ﬂ)ﬂ]n

Then
1— U(k p
‘ZJ 1 ]_[k 1 ( - eW’k) l_[k 1 IB(Zk) m(RUJ (x) Rm (X))
]=/ / , dodx
" [Tizy (Ba™ — eivn)|?
on ﬁ( )1 J(k) p
Zk
P sy
< E/n/[_mn |Ro; (x) — Ry, ()] H S e | e
iz :
- ZZ / / [R;(x) = Roy (x)|Pdpdx
S e Jimar T 167000 = 1P T =y 11 — eivmimfGo e
Observe that
T
1
/_ T cnmatwp 4%
T
=] ———do
/n |1 - 610 |P
[T o 4 (%7 do_2'Px (28)
—x 2P|sin? (9] T 22 o (2 T 1-p’
and similarly,
T
1
/_ L |emit) — ik [p de
T de 4 [T do 2Py
= = (29)

- < — - .
—a 2fsin? (D)) T 22 o (2 T 1-p
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From the above relations, we obtain

1-p n
J = (21 _Z) /R |Rg; (x) — Ry (1)1 dx.

Therefore, there is a real vector ¢ € R” such that

2P\ 27 \"
< (1_p) (IR, — FI + If — Ry 1) < (q) .

Thus, we have

/R IRGo @) — fGlP d
< /R IRGA @) = Roy (1P dx + A{ Rgy () = f()IP dx

() gt (30)
— ) e+ -.
“\1-p 4

Hence, R(x,¢) € LP(R"). This, together with the definition of R(x,¢), implies that

R(x,9) € XP. Therefore, f(x) € XP. The proof is complete. O
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