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Abstract The stock price index measures and reflects the overall price level of the stock market and

its trend. It contains abundant market information and has been widely concerned by investors and

policymakers. It is of great significance to analyze, study, and mine the potential value of the stock
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index by using some mathematical methods for accelerating capital market governance, improving financial

efficiency, and promoting the steady and rapid development of the national economy. This paper proposes

an adaptive Fourier decomposition (AFD) method based Takenaka-Malmquist approach to extract the

time-frequency characteristics of stock price index and analyze the trend of stock market effectively. In

order to satisfy the requirement of AFD, the H-P filtering algorithm is applied first to pre-process the

time series and remove the trend term. Then the AFD algorithm is employed to process the periodic term

data. Finally, the trend of the stock index is analyzed by the time-frequency distribution chart of the stock

price index. The algorithm based on AFD can effectively extract the information of stock index in both

time and frequency domains, which overcomes the drawback of single domain analysis. Meanwhile it has

higher resolution and accuracy than the existing wavelet decomposition methods. The effectiveness of the

proposed indicator is tested by using the Shanghai Composite Index (Stock code 000001) and Shenzhen

Component Index (Stock code 399001), respectively. The results demonstrate that the technical analysis

of the stock market index established by the time-frequency distribution based on AFD can be used to

analyze the characteristics of short and medium-term stock market changes.

Keywords adaptive Fourier decomposition; time-frequency distribution; stock price index; Takenaka-

Malmquist system
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ψ �
{
ϕa,b(•) ∈ L2(R), ϕa,b(t) = |a|−1

2 ϕ

(
t− b

a

)
, a ∈ R, b ∈ R

}
, (1)

��, =� ϕ �T>�, +� a ��, 0. a & b �P?&1^X�, L2(R) )#1)+�=�L. ^

f ∈ L2(R), � ϕa,b ∈ ψ, [:K a & b %

Wf (a, b) =
∫ ∞

−∞
f(t)ϕa,b(t)dt, (2)

Z\� Wf (a, b), f +�"+G5KN.

f(t) =
1
c

∫∫
−∞

Wf (a, b)ϕa,b(t)dt, (3)

��, +� c :',T>�.
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|ϕ̂(ω)|2
|ω| dω, (4)

��, ϕ̂ � ϕ �82@�>.
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F�I%,]* Takenaka-Malmquist[26−28]�� {Bn}∞n−1. +.*82@(;Z�&, Takenaka-Malmquist

��:

Bn(z) = B{a1,a2,···,an}(z) :=

√
1 − |an|2
1 − anz

n−1∏
k−1

z − ak

1 − akz
. (5)

an ∈ D,n = 1, 2, · · · , D = {z ∈ C : |z| < 1}, C �C14. �, D ��i\/+ {an}, Takenaka-Malmquist

���Z!�. � TM ��7%�2%##, >%:K%&VR:
∞∑

k=1

(1 − |ak|) = ∞. (6)

8�0H)./ H2(D) �"+ TM �� {Bn} 1+.*6(�=�(;�g(h(VR. 2-H)./�

$$�,, 0+.*82@(;�, 0 a :�0:�+3��/�/�&'=�0!:KX//:

e{a}(z) := B{a}(z) =

√
1 − |a|2
1 − az

, an ∈ D. (7)

ÆR'�P, [:K�/�/>0%:K�/=�. "+dj"5, �,i\� F ∈ H2, O#%:

〈F, e{a}〉 =
√

1 − |a|2 1
2πi

∫ 2π

0

F (eit)
eit − a

deit =
√

1 − |a|2F (a). (8)

a1X//0fG�g�m9VR�:, ��LA�;. �\��=� G = G+ ∈ H2, +.*82@(;�
�FkF�. !+, �,�/�05 G̃ ∈ L2, �0��

G̃ = 2ReG+ − C0. (9)

G+ ∈ H2 � G̃ �<E, C0 �05�82@��. R]�F��&+, G+, F& G+ i+,� G̃. 7iF

�=YUG:

1) - * |〈G1, e{a}〉|2
f G1 = G = G+, 0 a ∈ D �- *

|〈G1, e{a}〉|2 = 2π(1 − |a|2)|G1(a)|2, (10)

lim
|a|→−1

||g − 〈g,B{a}〉B{a}|| = ||g||. (11)

T Pr #9: r ∈ (0, 1) 26lf�jjF, �, ε > 0, )- r #DSA 1, Cjj�(� L2 LA�R, %

||g|| ≥ ||g − 〈g,B{a}〉B{a}|| ≥ ||Pr ∗ (g − 〈g,B{a}〉B{a})|| ≥ ||Pr ∗ g|| − |〈g,B{a}〉|||Pr ∗B{a}||
≥ (1 − ε)||g|| − ||g||||Pr ∗B{a}||.

(12)

�,c�� r /, B{a} ∈ H∞(D), z = reit,

Pr ∗B{a}eit = B{a}e(z), (13)

||Pr ∗B{a}||2 =
1
2π

∫ 2π

0

1 − |a|2
|1 − areit|2 dt =

1
2π

1 − |a|2
1 − r2|a|2

∫ 2π

0

1 − r2|a|2
|1 − |ra|eit|2 dt

=
1 − |a|2

1 − r2|a|2
∫ 2π

0

Pr|a|(eit)dt =
1 − |a|2

1 − r2|a|2 .
(14)

^ |a| SA, 1 %, ��5 (12) \&

||g|| ≥ ||g − 〈g,B{a}〉B{a}|| ≥ (1 − 2ε)||g||. (15)

8\&� (11) ��g ;.

a1- � D�, �0 a1 ∈ D,

|〈G1, e{a}〉|2 = max{|〈G1, e{a}〉|2 : a ∈ D}. (16)

7i3A%�+�X2gkel��< [26, 27].

2) (;\�=�

G(z) = G1(z) = 〈G1, e{a1}〉e{a1} + (G1(z) − 〈G1, e{a1}〉e{a1}) = 〈G1, e{a1}〉e{a1} +R1(z), (17)

��, R1(z) f�$$mh.
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3) $�- J)
R1(z) = G2(z)

z − a1

1 − a1z
, (18)

��

G2(z) = (G1(z) − 〈G1, e{a1}〉e{a1}(z))
1 − a1z

z − a1
. (19)

G2(z) l,H)./ H2 �. ^ z = a1 %,

G1(z) − 〈G1, e{a1}〉e{a1}(z) = 0. (20)

( G1 �@, G2 �%�3�- J)%�.

4) KC- J)%� N `

G(z) =
n∑

k=1

〈Gk, eak〉B{a1, a2, · · · , ak}(z) +Rn(z) =
n∑

k=1

〈Gk, eak〉B{a1, a2, · · · , ak}(z) +Gn+1(z)
n∏

k=1

z − ak

1 − akz
,

(21)

��,

Gk+1z = (Gk(z) − 〈Gk, eak〉eak(z))
1 − akz

z − ak
. (22)

"+- � D�,� ak, a k `$$mh�

Rk(z) = Gk+1(z)
n∏

l=1

z − al

1 − akz
. (23)

CZ!�,

‖G‖2 = 2π
∞∑

k=1

(1 − |ak|2)|Gk(ak)|2 + ‖Rn‖2
. (24)

�,\�k�/ ε > 0 0a:K N `m;%, L97%I]�- J)%�.

‖R‖2 = ‖G‖2 − 2π
N∑

k=1

(1 − |ak|2)|Gk(ak)|2 ≤ ε. (25)

!+, F�91&ÆX!. �, AFD F��E�01+�X2 [26–28].

3.2 Ox AFD PVWPZ[[\T]
05+�M(;�gi+E�6(�, !%:���>+�,�7%?;�6-��Q%%,. �,6

(�05 s(t) = ρ(t)eiϕ(t) �VUG:

P (t, ξ) = ρ2(t)δM (ξ − ϕ′(t)), (t, ξ) ∈ R ×
[
− 1

2M
,+∞

)
, (26)

��,

δM (ξ − ϕ′(t)) =

⎧⎪⎪⎨
⎪⎪⎩
M, ξ ∈

[
ϕ′(t) − 1

2M
,ϕ′(t) +

1
2M

]
,

0, ξ /∈
[
ϕ′(t) − 1

2M
,ϕ′(t) +

1
2M

]
,

(27)

�� M �#D �Z�. :K�(��]e%,(V�&,6(��(;, U3:K�(��1)+�;

'05 S +�M?;�Z!(;, E�*�9!d0%,(V+�M�V�:

P (t, ξ) =
∞∑

k=1

Pk(t, ξ) =
∞∑

k=1

ρ2
k(t)δM (ξ − ϕ′

k(t)), (t, ξ) ∈ R ∗
[
− 1

2M
,+∞

)
, (28)

��, Pk(t, ξ) �6(� sk �d0Q%%,(V.

3.3 Z[[\T]|^}T_
"+ AFD)�2��6%//+,X^(��1$�N2�. ^D��1�0:�!"%,:�!"2

<�7%�����T��*!", ��82!"��00 �6(�(;33�$#�. �1�(�%/

/+(;, 1G:�!"K. H-P h���1G��%//+!"K�++)� [29,30]. Zhu[31] �R+ H-P

h�, � !��%//+(;�!"K&�#K, J&&�:&0D%Ehj�#(� >�1JX�#
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�)�. Guerrero[32] &, H-P h��, &&�:&D�)-i?/+1J+��)�, J"+ijn GDP

%//+$���3('.

Æ<R+ H-P h��1G%//+�:�!"K. H-P h���:&%//+0'0./��(')
�, ���&'�%//+�P(')�. P(')�4�%//+��@,=!(�A�, %//+� H-

P h�^�(02%��@,=�!(�, (>&,=���!(, 1e,=�Y�!(, !Z1eT!"

K, �:�[%�#K$�?�. H-Ph��D�+�#$�: �,��%//+� Y = {y1, y2, · · · , yn},!
"(�� G = {g1, g2, · · · , gn}. n �'Æ�c�. �1, H-P h�+�� yt (;�: yt = gt + ct, �� gt &

ct g��+!�/. :l�, %//+ Y ��+!��(!" G +M�V�G4->*56�;:

min

{
n∑

t=1

(yt − gt)2 +
n∑

t=1

[B(L)gt]2
}
, (29)

�� B(L) �kRF`�K5. E H-P h�56^�SG4�no=�->, Z:

min

{
n∑

t=1

(yt − gt)2 + λ

n∑
t=1

[(gt+1 − gt) − (gt − gt−1)]2
}
. (30)

H-P h�7%S+)ij�, +j����-:, �)i7�, @'):'3"�&Y3"� 2017 J 6

b 1 ?9 2018 J 6 b 1 ?h 247 K!$?��]���, R+ H-P h���%//+$�N2�, HP h

�1J���)-a1 Hodrick � [33] &&�)�$���&mp, 39%,('��(, -l)�� 100.

�,�'3"�&Y3"��%,(V", "+ H-Ph��1G%//+�:�!"K, ,�G�K�

1. '3"�&Y3"�!"K&G�K)"k" 2.a &" 2.b. C"+J, '3"�&Y3"�&Æ�#!

"&Æ�7, ���'3"�, Y3"��#E,i. "+ AFD F�2�1G!"�G�K�1, ,�"�

�Q%%,(V, "+Q%%,(V#?�"0OK%/7',=�%�-?. ��i,7�(', �Q%

%,(V"�"�)""O9,U" 2.a&" 2.b29. �"Q%%,(V"�f/�CF�nb:0!,n

b:_7)#�,=� >, ,=� �"�#�lk, �"!"�#�`=� . ^;Kf/I/�m>

�>Æ�oKA%Æf/� , !"�m#^�nK, �"�#�$ � . (" 2.a +J, '3"�'Æ�

�- G"&70a 176 �, Q%%,(V�f/&70a 176 �. 0a 176 �jAf/p���, f/�

 , #A:���"Z���4#!". '3"�n]�-Y:&70a 176 �, [R;"2o9 182 ��

3330:. 39" 2.a&" 2.b, 'Æ��, ��,'3"�, Y3"���#E,i, � �#E�. 8:��

?'2<�8':Kq�: !r $.���4���19, �>$.����#� . ���1#A�8

::: o; 2019 J 1 b 18 ?, 'U3(!$2h%'�"� 1456 �, 7l!�/ 242917.57no, 1g�

p= 13.03 p, '�"���!r4$., %��9��B.. Ya3(!$2h% 2137 �'�"�, 7l
!�/ 128633.88 no, 1g�p= 20.88 p, �����>$.. (" 2.b +J, Y3"�'Æ��- G
"&70a 176 �, C" 2.b +JQ%%,(V�f/&70a 176 �. 0a 176 �jAf/p���, f

(a) (b)

B 2 CDuEvFGbFcdB
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/� , #A:���"Z���4#!". C" 2.b +JY3"�(a 176 ���;"2o9a 132 ��

11326.27 :. OK'Æ��, '3"�&Y3"�>%�`�n]��#, " 2.a &" 2.b ��# 1 &# 2

-\+A�'3"�&Y3"��"�#� �n]��#��Q%%,(V"$f/&7�%/:. C

#��1, 39" 2.a &" 2.b +J, Q%%,(V"$0'`�"�n]��#�>7�$#�&9��
"��#:, ��Æ�&-�%�X2.

e 1 f~uEgh�Hdije
�s

�p�

qr

�p�

�p

qq

��q

�rm

���
rs

so�p�

� 7 � � 12 � 5 � −1.11 � 11 �

� 32 � � 33 � 1 � −1.43 � 33 �

� 44 � � 52 � 8 � −2.55 � 52 �

� 113 � � 137 � 24 � −5.28 � 130 �

� 164 � � 176 � 12 � −12.05 � 176 �

� 192 � � 204 � 12 � −6.16 � 200 �

� 212 � � 216 � 4 � −4.40 � 214 �

� 238 � � 245 � 7 � −5.38 � 240 �

e 2 k~uEgh�Hdije
�s

�p�

qr

�p�

�p

qq

��q

�rm

���
rs

so�p�

� 27 � � 33 � 6 � −4.81 � 33 �

� 50 � � 52 � 2 � −2.40 � 52 �

� 80 � � 83 � 2 � −1.08 � 82 �

� 92 � � 96 � 4 � −1.84 � 95 �

� 113 � � 117 � 4 � −3.44 � 116 �

� 119 � � 131 � 12 � −6.90 � 130 �

� 164 � � 176 � 12 � −13.84 � 176 �

� 192 � � 201 � 9 � −7.82 � 200 �

� 212 � � 216 � 4 � −3.82 � 216 �

� 238 � � 245 � 7 � −6.13 � 244 �

(�������P, ���Æ�l��0:�����. Æ�l�t�:���%, ��0�,� 

�*. ��Ee0##�������, ��"�%,(V�!$��%,(VO9! 3. 39" 3.a &"

3.b �7, '3�"!"m#� %, !$��1!m#� , ��4#!"&Æ:e. ��,'3�", Y3

�"!"�#&!$�!"�#7%�Y�:e�,8:��?'2<�Y33(!$2'��>�/��

>$.��Ec$�����%� �. ( !��4�'P, ����"�����^�"$, 7%��

tt#�d0. ^Q%%,(V"�,=I]t�f/%, �":��+00��4#!", �Æ�+�&
%ncÆ*c,  !��'��!+�a1�"��#ptul, �%R:�*�Dv��Æ����.

(a) (b)

B 3 CDuEm�nopqrB
�������2,���*I�, @"%0usZv,�1�Æ�E�"3(����%�1. ��E

e�%%�Æ%0, Æ<"+Q%%,(V('��"�(u�1, �)i"B�!O(', Æ<): 2018

J 12 b 24 ?9 2019 J 1 b 18 ?�"(u�1�#!", X^"+ AFD F���"�(u!$�1$

�K* (k" 4), "�ob:)#'3D��1, sbq:)# AFD K*�1. C" 4.c J, �"�%,(

V(a 590 ���L\, ��$ !���p, Q%%,(V0a 727 �&7- f/, $ L\!t�-
 , 1%��!"�#�+0�!t�- . a1" 4.a '3"���%�1+J, '3"�0a 721 �%

2,:��-�:, IR"�G�F9a 980 ���=bFG, �"�%,(V�e�&9���$ , \



� 12� ���, �: �� Takenaka-Malmquist ������
����� —— ���������	 3121

0 500 1000 1500 2000 2500 3000 3500 4000 4500
Time

2400

2450

2500

2550

2600

2650

A
m

pl
itu

de

Core AFD
Decomposition no=100

Energy difference=5.3426e-07

original signal
reconstructed signal

(a)

Time-Frequency Distribution

500 1000 1500 2000 2500 3000 3500 4000
Time

0.05

0.1

0.15

0.2

Fr
eq

ue
nc

y(
H

z)

(b)

0 500 1000 1500 2000 2500 3000 3500 4000 4500
Time

7000

7100

7200

7300

7400

7500

7600

A
m

pl
itu

de

Core AFD
Decomposition no=100

Energy difference=8.474e-07

original signal
reconstructed signal

(d)

Time-Frequency Distribution

500 1000 1500 2000 2500 3000 3500 4000
Time

0.05

0.1

0.15

Fr
eq

ue
nc

y(
H

z)

(d)

B 4 CDuE AFD qtGuoopqr

&��Æ�%:. a1" 4.b Y3"���%�1+J, Y3"�0a 721 �%2,:��-�:, IR"

�G�F9a 981 ���=bFG, �"�%,(V0a 721 �t�f/, �e0&9���$ , \&�

�Æ�%:.

39" 1.c&" 1.d+J,0>�P?"�,"+cb�Y_#?�"��#,^-��nb:L\,cb

.B�Y%, ,=����, 8\r*�"Z���4#)�. ��,'Æ����"�#, >�P?"==

&-�e�r`��A[�"9. �Q%%,(V�7,>�P?"7%�Y�%,L�?, ��\&���

��#!"Es#�-?. ��Æ��P, &,+.*82@(;�%,(V""+�",=f/� >E
ns0#?��"��#!", 0'`�"�n]��#�>7�$#0&9��"��#:, �1&,+
.*82@(;�Q%%,(V"(�)4��Æ�&-�%�X2, �-?Ea&��/E �"$".

4 vw

Æ<&&�:&D�('�����#�%,(V)�. 0�6%//+�12�%��, /4X^"

+ H-P h�" 1G!"K&VÆ01. �`, �6%//+2�%(*b"++.*82@(;&:%
//+�1-?,��1-?+%,(V#7&�,ZR&,05Æ��0�-?$�-?(',#.���

���#!".Æ<�6%//+�1�+,'U3(!$2�'349"�&Ya3(!$2�Y3!(
"�, �1):g(2-�"$��+�, _*b!$�?�1!*b!$�(u�1.

&,+.*82@(;F�, !%!OQ%%,(V", �Æ�+�ns�;^%������*!",

NJ��$ ,�G:=��Æ'�&-�X2. �&,>������('"$�7�,&, AFD%,(

V�"$�(?=E�, 0�EYL, v��$#�&+l�Ee.
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