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1. Introduction

In modern time-frequency analysis there are three basic operators which play important
roles in time-frequency representations, namely modulation M, translation T and dilation
D. They are defined as

Mof () ="f(), Tf () =fC=b), Dof()=a (),

a
for b,w € R, a € Ry, respectively.
For modulation and translation there hold the following non-commutative relations:

oMy, = e_iwaw% = R_toMoTp.

Here the rotation transform is defined by Ry : f — €.
The time-frequency shift R ;, s, 75M,, satisfies the composition rule
2

(Rd+b7w TpMo) (RHH’T&’ TMa) = R[(d+[i+ 3 (Ew—bd))) +1(b+b) (w+5))} Ty Mors
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2 Q.CHENETAL.
that suggests the full Heisenberg group H := (R?, %) with the multiplication
-~ - ~ 1 -
(b, w,d) * (b,o,d) = (b—i— b,o+o,d+d+ E(ba) - bd))) .

The unitary operator R, o 7p M, is called the Schrodinger representation of the full
2
Heisenberg group whose representation coeflicient is given by
(f) Rd+% %Mw(ﬁ) = R,d,bTw <f’ %qub)
= R_d_bTw (f, R—waw,ZEﬂS) = R_d+b7w (f, Mw%qs)

for f € L*(R) and a fixed function ¢ € L?(R). Up to the phase factor e"(*dJ“bTw), the coef-
ficient of the Schrodinger representation coincides with the windowed Fourier transform

1]
»wwwwzmﬁu%mzzguwu—wfmm. M)

The corresponding inversion formula is

fx) = Q" f . Vof (b, )M, Ty (x)dbdw, ae.x € R. 2)

We remark that when d = 0 the unitary operator R bo T, M, has the symmetric form
MeTyMe as time-frequency shift, namely,
MeTypMe = R#Mw'ﬂ, = RbTwa/\/lw.
The dilation and translation satisfy the non-commutative relation
DaTy = TavDa (01 TyDa = DaTy).
The unitary operator 7, D, compliances the composition rule

(TyDa)(T;Da) = T, i Da

for (a, b), (a, B) € (0,+00) x R that motivates the affine group A := ((0,+00) X R, %)
with the multiplication

(a,b) x (@, b) = (ad, b + ab).

The affine group [2] has the representation coefficient (f, 7,D,v) for f € L?(R) and a fixed
wavelet function ¥ € L?(IR). The latter leads to the wavelet transform

Wyf(a,b) .= (f, TyDay) = /f(x)a_2w< )dx (3)

The inversion formula reads [3]

fo=c;! / > % /R Wyf(a ) TyDay(0)db, ae.x € R, 4)
0
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In [4], the group H is extended to the affine Weyl-Heisenberg group
H, == ((0,00) x R?, %)

with the multiplication law

- -~ ~ 1 ~ 1 ~ 1
(a,b,w,d) * (a,b,&,d) = (aEz,b—i—ab,a)—i— ~@,d+d+ S (a(o,b) - -<b,5)>)> .
a a

The affine Weyl-Heisenberg group H; has the group representation
pH, (@, b, w,d) := Rd/\/l%w%./\/l%wpa,

which has the representation coefficient (f, M 1 oM 1 »DPa¥r). The affine Weyl-Heisen
berg group leads to the more general transformation

1— —-b .
Tyf(b,w) = /Rf(x)a_zw <x7> e ' dy. (5)

In this note, we will extend the transform (5) to the setting with nonlinear modulation and
frequency-varying dilation, and investigate the reconstruction formula.

2. Nonlinear modulation and time-frequency transform

For a fixed function p(w) : w € R (some conditions that have to be met by this function
will be set later), define the operator of nonlinear modulation by

Mo : f() = €@ f(). (6)

For a real-variable and non-negative function A(w) : @ € R, define the dilation operator
with varying frequency by

meﬂoaxwrﬁ<ﬂ$). %

Being acted by the operator M, ()7 D,(w), a given basic atom ¢ gives rise to a class of

atoms of the type I)L(a))l_%¢(ﬁaf))ei“(‘“)'. For convenience of the discussion of the new
type time—-frequency transform we modify it to the following form:

x—t

P" (x) = )/(w)l)»(w)l%Mu(w)ﬁDx(w)tb(x) =y(w)¢ <A(w)

>ei“(‘”)x, xeR, (8)

and consider the time-frequency transforms

x—t

Tf(tw) = (f,¢") = 7(w)/f(X)5<
R Aw)

) e MOy, (Lw) eRL(9)
Formally, the transform (9) looks like a generalization of the windowed Fourier trans-
form (1), wavelet transform (3) and the transform (5). But it is essentially different from
them due to the fact that both the dilation and the modulation depend on the frequency
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variable . We think that this idea is natural because the essence of dilation and modulation
is to characterize the frequency’ (vibration) of signals. Compared with the classical cases,
the price of the nonlinearity of the modulation and the dilation in the kernel function here
is that it lacks a group structure.

It is known that the windowed Fourier transform V; is an isometry from L?(R) into
L*(R?). The wavelet transform Wy, maps L?(R) into L*(R?, C, 'a=2dadb), the space of all

complex valued functions F on R? equipped with the norm

|E|| = /—da/ |F(a, b)|>db.

Here Cy, =27 / lw| ! |1/A/(a))|2 and the Fourier transform f’ for f € L*(R) is defined by
R
(5]

fw) = Ff(w) = \/%_n /R f(He™dt, weRR.

Specifically, for wavelet transform the image space Wy, (L*(R)) is a reproducing kernel
Hilbert subspaces (RKHS) of the Hilbert space L*(R?, C; '472dadb). The kernel function
is

K(a,b;3,b) = Wy T,Da¥) (@ b) = (T;D:, T,Da).

The windowed Fourier transform has a parallel theory: The image V (L*(R)) is a subspace
of the Hilbert space L?(R?) and also a RKHS with the kernel function [6]

K(@,b;0,b) = (M5 Ty, Mo Tod).

Our first purpose is to understand the image space 7 (L?(IR)). We hope to choose a suitable
univariate function r of the frequency variable w such that the image space 7 (L*(R)) is
just a reproducing kernel Hilbert space (RKHS) of L2(R2, 442 equipped with the norm

r(w)

dd
”F”2=//Rz E(t, )| % (10)

being given by the inner product

dtdw
(F,G)tw = // F(t, 0)G(t, w) ﬁ (11)

Note that the functions y, A, u and r are univariate functions dependent on the fre-
quency variable w, which we need to construct. We remark that it is difficult to extend
them to bivariate functions of time and frequency variables. The reason can be seen from
the proof of the first lemma of the next section.
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We need two useful transformations. The first is the Hilbert transform which is defined
by
fo

dx, teR,
t—x

1

where the improper integral must converge in the sense of Cauchy principle. The second
is the integral transform Z by

IF(t) = / Foods,
t

from which we know that Zf is essentially an antiderivative of —f.

3. Technical lemmas

We will establish some lemmas which are crucial for the proof of our main results.

Lemma 3.1: Suppose that both f and Zf are in L*(R) N L*(R). Then for any real numbers
A, B, there holds the following identity:

£(. -—A
= (f()gfy ) () = MuH (My_sT (M_sf)) ®

= A (ei(B_A)tI (e_iBtf(t))) . (12)
Proof: Denoteby g = F ! <f(')sf°’+§"”>, thatis, § = ft)#ﬁ. Then we have

flw+ A)

@ =, ap

(—isgn(w)).
By using the identity 7 M; = 7,;F and the property of 7 -phase shift

F(Hf)(w) = —isgn(w)f(w)

of the Hilbert transform, it gives

(M_4g)" (@) = (Hg1)" (@) (13)
with
N _ f(a) + A)
8@ =S TA-B) (1)

To view Equation (13) in the time domain, we get

g(t) = e Hg (b). (15)
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We now compute g; in the time domain according to its definition in (14). Applying the
translation operator 74_p to both sides of (14), we have

—lw —lw

Ta_pd1(w) = M_gf))" (). (16)

In the last step of the above computation, we used the relations (Ff)(w) = ia)f (w) and

Tf) = .

Applying the inverse Fourier transform to both sides of (16), we have
Ma—pgi(t) =T (M_gf) (0.
Consequently,

g1(0) = Mp_sZ (M_gf) (0.

Finally, substituting this equation into (15), we conclude (12). This completes the proof of
the lemma. |

The next lemma concerns about the Fourier transform of ¢*® in (8).
Lemma 3.2: Suppose that " is defined in (8). Then the Fourier transform of ¢> is
F(#") §) =y @I(@)|2 TuwyM-iD 1 (&)
=y @)1 (@)le "N (@) — n@)).

Proof: Applying the formula FM; = T,.F, FT; = M_+F and FD; = D%f, we have

F(#*) @ = F (7 @M@ Mu(o) TiDswrp) (€)
= ¥ @)M@)|? Tuw)M-D_1_$(E)
=y (@) M(@)]e " ETHOG (L) (E — p(@))). u
The next lemma offers an alternative form of 7 f.

Lemma 3.3: For any f € L*(R), the following identity holds:
Tf(tw) = (f,¢") = e " (?y(wnx(w)ﬁmwmﬁé,M_tl). (17)

Proof: Applying Lemma (3.2) and the unitary property of the Fourier transform, we have

Tf(to) = (f,6") = (], Fo')

= {1.7@ M@ T M-iD_1_B).
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Using the canonical commutation relation of the modulation and the translation

M, = eiiwaw/]:o

we get
T _ 7 3 piti() T 5
f(t0) = (f.y @) @)™ M TwyD_1_¢
o A l A
= e .y @IA(@) | M- Ty D 1)
= & 1O [y @A) Ty D 1 M 1)
n(w) R —ti/.
The proof of this lemma is completed. |

The next lemma is crucial for reproducibility of the time-frequency transform defined
in (9).

Lemma 3.4: Suppose that both f and g are in L*(R). Then the following identity holds:

———— dtd
|| rie e S

r(w)

N 2, ——dtd
=27 [[ y@id|d e e - wen| Jozo T2 oy

r(w)

Proof: Note that the left-hand side of (18) is essentially the inner product (7f,7g)¢,, of
Tf and Tgin L*(R?, 949 Applying Lemma (3.3), it follows that

r(w)

<Tf’ Tg)t,w

= (e (@) 1@) 2 TP M),

e—itu(w)<y(a))|)\(a))|%§’];i(w)p%$,M-tl))

(w) tw

= (@@ T D1 6. M), (7 (@)2@) 28Ty D, 1 b Mi1) )

t,w

~

=22 (F (y @ @] D 1 §) (0,

F (v@h@) 4D s $) (—0)

t,w

=2r /R (7 (r @@/ Tuw D, ) (-1,

F (v@h@§TuwD 1 ¢) (1)

dw
t r(w)’
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where (-, -); in the last step of the above equation is the inner product of the space L?(R).
By using the unitarity of the Fourier transform again, we obtain that

(Tf > Tg ) t,w
dw

t r(w)

= 2n / (r@A@) 2 T Dt §(8), 7(@)M@) 2§ D (1)

=2n / [y @@ T @1, ¥ (@ 1) T b @D) 2 o

=27 fR (V@R @FS0@)(t = @), ¥ @A) RIC-@)(E — 1 (w)))) o

Writing the inner product in the integral form we then conclude (18). The proof of this
lemma is complete. |

4, Reproducibility

Equation (18) is the starting point of our discussion. We hope that the integral of the right-
hand side of Equation (18) is separable, that is,

2m / /R @A) [§ (@) (¢ = p())] 0T ﬁ

=/ |¢(w)lzdfn1(w)/f(t)é'(t)dmz(t)
R R

for some measures dm; and dm,, and then the inversion formula holds

dtd
Fx) = f (2 ") B () Z ‘;

// 5) twdtdw—ld,
R? r(w)

which means that f can be reconstructed from 7 f. Here, the constant Cy is dependent on
¢ and q;t,w(-) is some univariate function. Note that (]Bt,w is a synthesis atom. We cannot
ensure that (j;t,m(-) has the same structure as ¢>™. Without doubt, selections of functions
7, v, A, M are crucial.

We need to change the form of the right-hand side integral of (18):

and correspondingly

/ Y222 |$ 116@) (¢ - n)]| FoF® o ( S

() |4 —
= [ F2 5 - piom| o ot
r R 1@

_ Y2(@)A2(®) | 4 2 A @) (t— p(@)] )~ —

The candidates of new time-frequency transform come from the two cases: A (w) =
Ci(M(@)pu(w)) with C; € R\ {0} or (M(w)(w))" = 0. We will investigate both these cases
separately below. From now on, we assume A/(w) > 0,w € R.
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4.1. (i) The case ) (») = C1 (AM(@)pn(w))’

In this case, A(w) = CiA(w)u(w) + C; for some nonzero real constant C,. Thus u(w) =

1 _G 1 . equivalently A(w) = and then

_ G
Ci ~ C AMw) 1-Cipu(w)

M) (t — =2 gL G2
(0)(t — p(w)) = AMw) < C_1> + o

The integral of the right-hand side of (18) becomes

%wﬂw‘[ ( 1) Q}
L A el
/R {/R r(w) oM@ C + C

By imposing the condition

2&M@G—é)+%]
M (w)(t — Cy)

}ﬂ&@a

(@i 1

r@M(w) 27

and applying change of variable y = A (w) (t — —) +c and using (12), Equation (18)

becomes

[,

t,w w_
/<f¢ )(g, ") —C

@) = ll¢l3

Define the function f by

Jorsgn(-— &)

Ff() = e

Recalling Lemma 3.1, we know that
~ ;X i(C— L ;
flx) = eCIH (el(Cl cl)xI (e—zC1xf(x)>) = M%HMCI_%IM_CIf(x) (19)
1 1

and obtain the formula

/f(f(b”" ¢”° ( = I$13(f. 2)- (20)

The above equation (20) may be written as

dtd ~
</ vwﬁf”tw>=wﬁﬁg

that suggests a representation formula in the weak sense for f :

_ Ci i(cl—%l)xz —iC1x > // tw tw dtdw
e =e G (7)) = 57 | fo P00 0 5.
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The latter implies the desired inversion formula for f:

dtdw

= LY e ) 2
Fo) = ”¢|2//<f¢ ) S (1)

Precisely, the above relation is in the weak sense:

// (") (Pt &) ( ) = llpl3(f. 8) (22)

for any f, g € L?>(R). Here, the synthesis atom is of the form
- ~od oLl _ix
¢t,w(x) — _ezClxa I:el(cl Cl)xH (6 lcl d)t,w(x))] , (23)
or equivalently, of an alternative form in terms of the basic operators
g’lgt,w(x) MCI dx |:M 1 ClH (M_lqbt)w(x))} . (24)
G

Indeed, there hides a gap between the formulae (20) and (22). The following lemma fills
in it.

Lemma 4.1: Equation (20) is sufficient for Equation (22) to hold for any f,g € L*(R).
Proof: Let h be any function in the Schwartz class S(R) consisting of all infinitely

differentiable and infinitely decaying functions. Set g = M X HM, X %M_clh in
Equation (20) and obtain that 1 '

dtdw

r(w)

/Rz(f¢’w></\/l L HMe oo EyVE ah, ¢t >

_ 2 (7 el
= ”¢H2<f’McllHMCIclldxM_Clh>’ (25)

wheref is defined in (19).

One one hand, noting that the adjoint operators of modulation and the Hilbert trans-
form satisfy M} = M_,, H* = —H, using decaying property of h and utilizing the
formula of integration by parts, we get

d tw\ __ d t,w
<M5HMC1—élaM—Clh’ [0) >— <HMC1_C11£CM—CJ1, M—%¢ >

1

d >
:<MC1_CI _xM Cl HM ¢t >
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d w
:<d—x/\/l_clh, ~ Mg s HM_ ¢ >
d w
= M@ M e MM 9% R

d o
+<M—clh> wM-c+d HM—C%W’ >

d [}

d o

d ; -
= <h, Mcl aM7C1+CLIHM7CL1¢ CU> = _<h,¢t,w>-
On the other hand, a similar argument leads to

~ d

e

d
= <MC11HMC1_C111M_c1f,MC11HMCI_ 1 aM—C1h>
d

= <HMC1_(}IIM_C1f’ HMCI_Cill aM_C1h>

d
= —<MC1_CIIZM—C1f,MC1_C11 IxM_Clh>

= - <I./\/l_ch, dixM_C‘h>
= —IM_cf(DOM_ch(®)|2 _o — (M_c,f M_c,h)
— (M. Mg ) =~ (f5).

Then by (25), we obtain that

-\ dtdw
t,w — 2
ffR (f.6) (. d1.0) oy = 1013
holds for any h € S(R). Finally, by a density argument, we conclude (22). |

The above discussion leads to the following theorem.

Theorem 4.2: Suppose that \,r and y are real-variable and real-valued functions. Assume

2 2
that M (w) > 0, r and y satisfy that % = % Define the decomposition atom by

$(0) = y ()¢ (’;(—;)t) (=G ria ) (26)

for any function ¢ € L*(R) with |||l = 1 and any fixed nonzero real numbers Cy and C,,
and the synthesis atom by

¢~),,w(x) = —eiclx% [ei(%l_cl)xH (e_icilqﬁt’w(x))] . (27)
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Then the inversion formula of (9) is

dtdw
r(w)’

where the identical relation holds in the weak sense for any function f € L*(R).

Flo) = /w“"qxw()

Now we investigate the image space 7 (L>(R)) of the time-frequency transform 7~
defined in (9) with the special atom (26). We will show that 7 (L?(R)) is a RKHS of
L*(R?, M). Forany F € 7T (L*(R)), there is a function fe L*(R) such that

r(w)
F(t/, a)/) — Tf(t/, w/) — <f, ¢t/’w’>, (t/, a)/) c Rz‘

Recalling the formula (22) and setting g = ¢V there, it follows

— = dtd ;o
/ 20 N S Br) o — B12(F, 7).
R2 r(o)
Then there holds
—~dtda)
F{t, o LY (pt @y ) ——
o) = ||¢||2/ @ NO o) T
_ _/f F(t w)<¢t’,w/ (]; )%
o112 J g PPN ()
1 dtdw
= — F(t,w)K(t, w; —_—
||¢||§// (oKt o) T08
with the kernel

K(t, w; t/, a)/) = m — (q;t,a)’ ¢t’,w’>'

4.2. (ii) The case (A (w)i(w)) =0

In this case, u(w) = A(w) for any nonzero real number C. By noting that

Mo)(t — p(w)) = At = C
the integral of the right-hand side of (18) becomes
2 2
Y (@A (@) |- 2dA@t =0 | 5 =~
/R {/R o) ¢ A(w)t —C) W}f(t)g(t)dt.
By imposing the condition

(@i 1
rw)M (w) 271
and applying change of variable y = A(w)t — C and using (12), Equation (18) becomes

J[Lvoeraam S50 = ot [ Gk CH 28)
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Set

fo =H(Z (fw)).

We get the equivalent form of (28)

/ {f,0")( g,¢“"> = lp13(f.8). (29)

( )
Equation (29) formally leads to

dtdw
I // tw tw
H(Z(f)) = 97 |89 0

and then the inversion formula

toy dtdw
_ . 30
f@x) = ”¢”2//(f¢ ¢t()() (30)

W lth
¢ t,w (‘C) 1 (; {¢ (;C)) .

The inversion formula (30) is in the weak sense

// <f¢tw g’¢tw ﬁ ||¢|| f.9). (31)

The above discussion leads to the following theorem.

Theorem 4.3: Suppose that X is a real variable function with 1/ (w) > 0. Assume that A,r

V(@) _

and y satisfy the condition V@) = % Define the decomposition atom by

t,w _ —t i%x
¢ (x) =y ()¢ k() e ) (32)

for any real function ¢ € L*(R) with ||¢|l» = 1 and any fixed nonzero real number C, and
the synthesis atom by

~ d
ro(x) = I (H$**(x)) . (33)
Then the inversion formula of (9) is
dtd
70 = [[ 0o .

where the convergence of the integral is in the weak sense for any function f € L*(R).

Denote by T (L*>(R)) the image space of the time-frequency transform 7" defined in (9)
with the special atom (32). For ¢"® defined in (32), setting g = d)t,’w/ in the formula (31), a



14 Q.CHEN ETAL.

similar argument concludes that, for any F € T (L*(R)), there exists a function fe L*(R)
such that

F(t, ) = — / / Bt w)K (o o) 19
> - — > s, E—
lols JJr2 r(w)

with the kernel

K(t, o5t a) = (Grwr ™)
and <;~5t,w defined in (33). It indicates that 7 (L*(R)) in the case (ii) is also a RKHS of
12 (RZ, dtda)).

(@)
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