o Taylor & Francis
Complex Variables and Elliptic Equations
An International Journal

ISSN: (Print) (Online) Journal homepage: https://www.tandfonline.com/loi/gcov20

Weak pre-orthogonal adaptive Fourier
decomposition in Bergman spaces of
pseudoconvex domains

Hio Tong Wu, leng Tak Leong & Tao Qian

To cite this article: Hio Tong Wu, leng Tak Leong & Tao Qian (2021): Weak pre-orthogonal
adaptive Fourier decomposition in Bergman spaces of pseudoconvex domains, Complex Variables
and Elliptic Equations, DOI: 10.1080/17476933.2021.2007377

To link to this article: https://doi.org/10.1080/17476933.2021.2007377

@ Published online: 16 Dec 2021.

N
CJ/ Submit your article to this journal &

||I| Article views: 47

A
& View related articles &'

N

@ View Crossmark data &'

CrossMark

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=gcov20


https://www.tandfonline.com/action/journalInformation?journalCode=gcov20
https://www.tandfonline.com/loi/gcov20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/17476933.2021.2007377
https://doi.org/10.1080/17476933.2021.2007377
https://www.tandfonline.com/action/authorSubmission?journalCode=gcov20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=gcov20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/17476933.2021.2007377
https://www.tandfonline.com/doi/mlt/10.1080/17476933.2021.2007377
http://crossmark.crossref.org/dialog/?doi=10.1080/17476933.2021.2007377&domain=pdf&date_stamp=2021-12-16
http://crossmark.crossref.org/dialog/?doi=10.1080/17476933.2021.2007377&domain=pdf&date_stamp=2021-12-16

COMPLEX VARIABLES AND ELLIPTIC EQUATIONS Ial)’ Icir & Francis
https://doi.org/10.1080/17476933.2021.2007377 aylor &Francis Group

[ W) Check for updates‘

Weak pre-orthogonal adaptive Fourier decomposition in
Bergman spaces of pseudoconvex domains

Hio Tong Wu ©2, leng Tak Leong ©2 and Tao Qian®

3Faculty of Science and Technology, Department of Mathematics, University of Macau, Macau, People’s
Republic of China; ®PMacao Centre for Mathematical Sciences, Macau University of Science and Technology,
Macau, People’s Republic of China

ABSTRACT ARTICLE HISTORY
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1. Introduction

Let 2 be a bounded pseudoconvex domain with smooth boundary in C". The Bergman
space A%(R2) on Q is the space of square-integrable holomorphic functions on € with the
inner product

9= [ faav.

where dV is the Lebesgue measure on C”. Let K(z, w) be the Bergman kernel of €2. Then
A%(Q) with K(z,w) is a reproducing kernel Hilbert space (RKHS) [1]. For any f € A%(Q)
and any a € , the reproducing property holds:

f@ = {(),K(a) = /Qf(Z)K(Z, a)dV(z).

It is well known that K(z, w) = Y 0, ¢i(2)¢i(w), where {¢;}i>1 is any orthonormal basis
of A%2() [1].
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For any fixed a € 2, define k,(z) = K(z, a) to be the kernel function associated to a.
Note that

lkall> = K(a,a) = ) |¢ia)|? |sz| (1)
i>1

In fact, inequality (1) holds as one can choose ¢, to be the constant function

1
$1(2) N
forallz € Q.

By the reproducing property, the span of the set {k, | a € 2} of kernel functions is dense
in A%2(S2). Hence, for any countable dense set {a;};>; in €2, the corresponding sequence
{kq;}i>1 forms a complete system in A%(2). Furthermore, we have the following simple
observation.

Lemma 1.1: The set {k,},cq of all Bergman kernel functions is a linearly independent set if
2 is bounded.

Proof: Suppose to the contrary that there exist finitely many distinct points ay, ..., d,, €
Q c C"such that {kg,, . . ., kg, } in A%(2) is linearly dependent. So there exists a non-zero

vector (1,62, . . .,cm) € C™ such that in A%(Q), we have
m
> kg = 0. (2)
j=1
For any fixed vectors A = (A1, A2,...,A,) € C", define f; € A%(Q) by fi(z) = etloh) =
exp(t Y 1| ziAi). As the sequence (ay, . .., ay,) consists of finitely many distinct points in

C", there exists a non-empty open subset U in C" such that for any A € U, the complex
numbers (a;, ) are distinct for 1 < i < m. It follows from (2) and the reproducing property
of the kernel functions k,, that

0=(f1,0) = <f/\,ZC_jkaj> = chfx(a]) = ch exp(t(aj, 1))
=1

j=1

For any fixed A € U, the set {exp(t(a;, 1)) | 1 < i < m} of functions in t is linearly inde-
pendent. This implies that all the coefficients ; are zero, which contradicts to the non-zero
assumption of the vector (c;)1<i<m> and so the result follows. [ |

By Lemma 1.1 and inequality (1), we can apply the Gram-Schmidt orthonormaliza-
tion process to {kg,};>1 associated to a dense sequence of distinct points in €2, to obtain a

complete orthonormal system {%;};>1, where ) = ] and
a

ka, — B
%i _ i Z] l( (3)
llka; — Z 1 (kay» B
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for all i > 2. Then, for any f € A%(2), we have

lim Z (f, B\ B; —f =0. (4)

N—o0 -
1<i<N

In general, if the given fixed sequence {a;};>1 of points in €2 is not dense, the corresponding
set {kg, }i>1 may not form a complete system in €2, i.e. span{kg,}i>1 # A%(S2). Nevertheless,
for any given f € A%(Q), instead of considering a fixed set of parameter points, due to the
flexibility of selecting parameter points a;’s of k,,’s with respect to the function f, one can
try to select a; successively to produce an orthonormal sequence (Z;);>] as above so that
the values |(f, %;)| are as large as possible out of the sum in (4). This is a starting point of
an adaptive Fourier decomposition [2-6].

In this paper, we apply a recently developed greedy type algorithm called the weak pre-
orthogonal adaptive Fourier decomposition (WPOAFD) to any given function f € A%(Q).
Our main result is as follows.

Theorem 1.1 (Weak Maximal Selection Principle): For any f € A*(Q) and any sequence
{pil0<po<pi<l, i=1,2,...}, there exists a sequence (a;)i>1 of distinct points in
Q such that the orthonormal sequence (%;)i>1 of functions in A*(Q2) obtained by apply-
ing Gram-Schmidt orthonormalization process to the sequence (kg,)i=1 of kernel functions
satisfies the inequality for all i > 1:

(f, Bi)| = pisupl|(f, B)| b e @\ {ar,az,...,ai_1}}, (5)

ky— Y"1~} (kos %) %
where 935’: Zi,} ST
ko —2_—1 (ko)) % |

It follows from our main Theorem 1.1 that for any f € A%(Q), we can construct an
orthonormal sequence (%;)i>1.

Theorem 1.2 (Convergence of WPOAFD): With the notations stated above, the sequence
S (f, Bi) B converges to fin A%(RQ), i.e.

f=2¢%wimMQ. (6)

i>1

The right hand side of Equation (6) is called a weak pre-orthogonal adaptive Fourier
decomposition (WPOAFD) of f.

Remark 1.1: In the case of the Bergman spaces of classical bounded symmetric domains,
our result of WPOAFD can be strengthened to POAFD one in which the inequality in (5)
is replaced by equality with all the p; = 1 [7]. In fact, this is one of the motivations of this
work. In the case of POAFD [3,4,8-11], we need to introduce the class of generalized kernel
functions by passing to limit functions when two consecutive points a, and 4,41 coincide.

The rest of this paper is structured as follows. In Section 2, we show that A2(2) satisfies
an important property called boundary vanishing property (BVP) so that WPOAFD can
be implemented in A%(2). In Section 3, we give a proof of Theorem 1.1. In Section 4, we
prove the convergence of WPOAFD in Theorem 1.2.
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2. Boundary vanishing property (BVP) of A%(R2)

We first recall the definition of bounded pseudoconvex domains with smooth boundary
[12]:

Definition 2.1: Let Q = {z € C" | y/(z) < 0} be a bounded domain in C", where v is a
real-valued function on C". The boundary 92 = {z € C" | ¥ (z) = 0} of Q is called smooth
if v is a real-valued smooth function on C" with CLAN A # 0 on 9L2. A bounded

azy’ > 0zy
domain € with smooth boundary 9€2 is called pseudloconvex if for any p € 92 and any
_ n i n 9y —
w=(wy,...,w,) € C"with ijl a—zj(p) w;j = 0, we have

n 82

14 i}
Z ——(@P)wjwr > 0.
Pt 0zj0z

Let A%°(2) be the set of all holomorphic functions on €2 which are smooth up to the
boundary of 2, and A%(£2) be the Bergman space on Q. In our study for BVP of A%(Q),
we need a growth estimate of K(z, z) for z near a boundary point.

Theorem 2.1 ([13]): Let K be the Bergman kernel of A>(Q2) and b € 3S2. Then there exists
a constant C > 0 and a neighborhood U of b in C" such that

C
K(a,a) > dz_(a) foralla e UN L,

where d(a) is the distance from a to dS2.

Lemma 2.1: Forany f € A*(Q) and any a € Q, define

ka

ey = m, H(a) =k, € A*(Q), and G(a) = [{fea)l

Then H and G are continuous on .

Proof: We first show that the function H(a) = k, is continuous from 2 to the Hilbert
space A2(Q2) with the norm || - |. In fact, it follows from the continuity of K on £ x £
[1, Proposition 1.1.7.] that

lkp — kall® = Nkpll* + llkall* — (kp> ka) — (ka» kp)
= K(b,b) + K(a,a) — K(a,b) — K(b,a)

converges to 0 as b tends to a € . This also implies that limy_, , ||ks|| = ||ks|l and hence
limy_, 4 ep = limy_,, Hllzﬁ = HIE_ZII = e,. Then the continuity of G follows from limy_, ; e, =
eqa and |G(b) — G(a@)| < [{f,ep — ea)| < IIfl lley — eall. u

Proposition 2.1: (i) (Boundary Vanishing Property) Forany f € A*(Q) and any by € 3%,
we have limy_, p, |{f, ep)| = 0.

(ii) (Maximal Modulus Coefficient Property) For any f € A%(Q), there exists a € Q such
that |(f, eq)| = max{|(f, ;)| [ b € Q).
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Proof: (i) Foranye > Oand any f A%(Q), if follows from [14, Lemma 3.1.4.] that there
exists g € A°°(2) such that

€
— —. 7
If —gl <3 )
Since g € A% (), there exists M > 0 such that
lgb)| <M forallbe Q. (8)

By Theorem 2.1, there exists a neighborhood U of by such that

1

€
JRG.D) — 2M

By reproducing property of kp, the normalized kernel function e, at b € 2 is given by

forallbe UN Q. (9)

ke ke ke ke
Ikl ko ko) VKo@) VKB, B)

Since |lep|| = 1, the triangle inequality, the Cauchy-Schwarz inequality, the reproducing
property of kj, and the inequalities (7), (8), (9) give

ey =

i )
[(F el < 1(F = gren) + 1@ en)] = If =8l + =

<€ S
=3 + . M < €.
(ii) By Lemma 2.1, G(b) = |{f, ep)| is continuous on 2. By (i), G(b) can be continuously
extended to the bounded and closed subset Q in C" and G(b) = 0 for all b € 9Q. Then
L = max{G(b) | b € Q} is finite.

IfL =0,then0 < |{f,ep)| <L = 0forall b € Q. By reproducing property of k,, f = 0
on 2. In this case, choose a to be any point in 2.

If L > 0, then it follows from (i) that the maximum L can only be attained at some interior
point of Q. Therefore, there exists a € Q2 such that L = G(a) = |(f, e,)]. |

Define fj € A%() be the jth residual function of f as follows:
fi=f, and fi=fi1—{fi-1,Bi-1)Bji1 (10)
for 2 < j < n+ 1. We can deduce the following.

Proposition 2.2: Let f € A%2(Q),{%1,..., By} be an orthonormal set in A*(Q) and
(fi)1<j<n+1 be defined in (10). Then we have

@) Bj-1) = {f, Bj—2) = --- = (f, $1) = 0;
(ii) g,%}]) = (ﬁ_l”@ﬁ = ... = (](2)'%)]> = (fb%]) = (f,%’j)forl S_] <n;
(i) fj=fo — Sy {f- B Bi=f — Loy (f- B Bifor 1 <L <j<n+1.
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Proof: (i) Using f; = fi-1 — (fi—1, Bj-1)%Bj—1 and (B, Bj) = b;j, where §;; is the Kro-
necker delta, we have

(i Bi-1) = (fi-1 — (fi-1, Bj—1) Bj—1, Bj-1)
= (fi—1, Bi-1) — {fi—1, Bi-1) | B> = 0,

the others follow similarly.

(ii) The result follows from (fiy1, B;) = {fi — {fi» B %,, %‘ = (i, B) ifi<j.
(iii) The result follows from (ii) and ]9 = fi-1 (f LBi1)Bi1 = f] —(f, Bj-1)
B 1. |

Definition 2.2: Let Q, = Q\ {a1,...,a,} be the punctured domain. Define an objective

function g,+1 on 2, as follows: g,+1(b) = [{(fut1, B n+1 )| for any b € Q,, where %ﬁH =
kp—21y (k. ) B

ko=, ko ) 1

It follows from Proposition 2.2(i) and Cauchy-Schwarz inequality that (f,1, %) = 0,

ky — Zjn:1 (kbw%)j)r%)j
lIky — 325 ke, 25) S

gnr1(b) = [{fur1, B n+1 ‘<fn+1;

_ [{fut1, ko) | _ |{fnt1>ep)l
lky — D27 Ckos BB llew — D {ews )
|(fn+1,€b |

(11)

\/1 Y7y ew B) 2

gn-i-l(b) = |<fn+l> n+1 )= |[fn+l|| ”33114-1“ = Lfn-i—l“

and

forall b € Q,,.

For any by € 92, the BVP in Proposition 2.1(i) implies that limy_, p, [{fst1,€p)| =0
and limy_,p, [(%j, ep)| = 0 (1 < j < n), hence limy_, p, g4+1(b) = 0. Therefore, g, 41 can
be extended to €2,, U 92 continuously with g, (b) = 0forall b € 9.

As g4 is bounded on 2, U 92, the following supremum

S =sup{gn+1(b) e R|b e 2, U2} (12)

is finite.

3. Weak maximal selection principle in A%(R)

We now present proof of Theorem 1.1.

Proof of Theorem 1.1.: The goal is to select a sequence {a,...,a,} of distinct points in
Q successively such that each modulus |(f, %;)| is large enough for i = 1,2,...,n. More
precisely, when i = 1, by Proposition 2.1, the first point a; € €2 can always be chosen such

that #; =

a

and

ki Kf ||]i;1||>‘ p”“’%%'“%' ()

If the supremum in (13) is zero, then the decomposition terminates.
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For the other points g; (i > 2) in €, we establish their existence inductively as follows.
Suppose that the previous n distinct points ay, . . ., a, are chosen and %; = %;" such that

|<ﬁ)<%l>| = Pi Sup{Hﬁ’ %IhH | beQ \ {611,612,. .. >ai—l}}) (14)

where f; is the ith residual function defined in (10),0 < pp < p; < landi=1,...,n. If
any one of the residual functions f; is zero, then the decomposition terminates.
Otherwise, for any p,4+1 with 0 < pg < pu+1 < 1, by the definition of supremum S

in (12), there exists a,+1 € Q \ {ay, ..., a,} such that
|t 1> B )| = ons1 supll{fur, By )| 16 € @\ {an,. ., anl), (15)
_ ka,,Jrl—Z;’:](kanH)«%j)%j b kb—Z;;l(kb,«%j)%j
where By = i — >y (ka1 ) 1 and 7., = ko> ke ) 1
By constructions, we have (%,y1,%;) =0 and (%5+1,%i) =0 for each i=

1,...,n. Then it follows from Proposition 2.2(ii) that (fy41, But1) = {f, But+1) and
(fa+1, %5 )= ,%’2 +1)- Hence, (14) and (15) are, respectively, equivalent to

[(f, Bi)| = pisup{|(f, BY)||b € @\ {a,az,...,ai-1})
and

1(fs Brut1)] = pus1sup{{f, BL)1b € @\ ar,...,an}). |

4. Convergence of WPOAFD in A%(R)

In the last section, we shall prove our second main result in Theorem 1.2, i.e. to show a
WPOAFD of any function f in Bergman space A?(2) converges to the same function f.

Definition 4.1: For any given f € A%(Q) and any sequence {p;}i=o with 0 < pp < p; <1
for all i > 1, a sequence (a;);>; of distinct points in 2 is called a weak maximal selection
sequence of f if there exists an orthonormal sequence (%);>1 in A%(Q) associated to a
sequence (a;);>1 constructed as in Theorem 1.1.

For any given f € A?(Q), we fix a weak maximal selection sequence (a;);>; of f with
an orthonormal sequence (%;);>1 in A%(R2). Then one can extend the given (%;);>1 to an
orthonormal basis of A2(2), so Bessel’s inequality implies the following lemma.

Lemma 4.1: Letf € A%(Q). Then for any weak maximal selection sequence (a;);=1 of f, we
have Y.\ (f, Bi) B € A*(Q).

Now, we prove the convergence result of WPOAFD in Theorem 1.2 for any weak
maximal selection sequence as follows.

Proof of Theorem 1.2.: Suppose to the contrary that (a;)i>1 is a sequence given by
WPOAFD applied to f, and (%;)>1 is the corresponding orthonormal sequence in A%(2)
such that the residual

h=f—> \f. B)B; € AX() (16)

i>1
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is non-zero. Then the sequence (a;);> is not finite in this case. We first prove that (h, %;) =
0 foralli > 1. In fact,

(h, By = <f > i %) %,,%k> <N“inoo f= Y (%)% ,@k>

i>1 1<i<N

= lim <f— Z (f,,%’,-),%’i,,%’k> = Nliﬁlg()((ﬂ Br) = f» Bi) (B, Br)) =

N—o00 -
1<i<N

As h # 0 and h is holomorphic on €2, there exists a closed ball B C Q centered at some
point b in  with positive radius such that B is compact and |h(z)| > 0 on B. Then set

C . |h(0)]
0 = min >0
xeB K(x,x)

Recall that fy is the Nth residual of f in (10). We estimate |(fx, Zn)| in two different ways.
Firstly, Lemma 4.1 implies that Y20, |(f, %,)|*> < 00. As Cy > 0, there exists a positive
integer Ny such that for all N > Nj, one has

ZW By (p"c") : (17)

By Proposition 2.2(ii) and inequality (17), we have
0Co

|(fv. B = 1{f. B} < 2 (18)
Secondly, for any fixed N > Nj, we select a point b € B\{al,. .., an}. We consider another
sequence (ai,...,an_1,b) € QN. Let (,@1,...,93]\7_1“@2,) be the Gram-Schmidt
orthonormalization of (%41, ..., Bn—1,kp), where
ky — SNV ky, Bi) By
%Ilz] b i=1 ( b z> i (19)

-l = 5 e BB
Since Ay is selected according to the weak maximal modulus property (5) in Theorem 1.1,
we have

|{fn> BN)| > ,ONSUP{WN,%’?\; NEASRY: \ {a1,az,...,an-1}}
> onl{fns B2 = po |(fns B (20)

In order to arrive at a contradiction, consider e, = i k i for b € B\{ay,...,an} and note
that

N-1

N—-1
ey — > tker Bi) Bill* = ko> = D |k B> < NIkl (21)

i=1

On the one hand, Proposition 2.2(i), (21), (19), (20) and (18) imply that

>‘ (s ko — SN (ky, Bi) B |

[{(fn>ep)| =
{ Ikl

ky
<fN’ ks
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_ ok = 305 (ke B0 1)
T ke = X205 (ke Bi) Bl

1 L poCo  Co
= |{fn» BN < —|{fw> BN)| < —— = —. 22
|{(fn> X)) pol(fN N)| 2 > (22)
On the other hand, by (10) and (16),
N-1 00
N=f- Z(f, PBi) B = Z(f,e%’i)%’i + h. (23)
i=1 i=N

Then it follows from (23), triangle inequality, Cauchy-Schwarz inequality and (17) that

(f ea)] h+i(f By Biey)| > | i(f BB
> € = > i i> € =~ |57 1~ > i i» €
N> €b . i) #i> €b K(b, b) . i) #i> €h
i=N i=N
h(z) =
> min — , BiYBi|| e
= min| ;v )i llewl
00C C
=Co — ZKﬁ«%’)IZ > Co — % > 70,
which contradicts to (22).
Consequently, i = 0 and this completes the proof of Theorem 1.2. |
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