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In this article we establish an alternative proof of the generalized Fueter method presented
in a former paper [Qian, T. and Sommen, F., 2003, Deriving harmonic functions in higher
dimensional spaces. Zeitschrift fur Analysis und ihre Anwendungen, 22(2), 275–288] leading to
the construction of special harmonic and monogenic functions in higher dimensions. At the
same time, we also obtain a generalization of this result.
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AMS Subject Classifications: 30G35; 32A25; 42B20

1. Introduction

It is a remarkable fact that the Cauchy–Riemann system in the plane generates
monogenic functions. This was first observed by Fueter in [1] in the setting of
quaternionic analysis.

Assume f to be holomorphic in an open set of the upper-half complex plane and
substitute fðzÞ ¼ uðx, yÞ þ ivðx, yÞ (z ¼ xþ iy) where as usual u ¼ Re f, v ¼ Im f.
Then, Fueter’s theorem asserts that in the corresponding region the following relation
holds:

D�
�
uðq0, jqjÞ þ

q

jqj
vðq0, jqjÞ

�
¼ 0
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with

q ¼ q1iþ q2jþ q3k

D ¼ @q0 þ i@q1 þ j@q2 þ k@q3

� ¼ @2q0 þ @2q1 þ @2q2 þ @2q3

and i, j, k are the basic elements of the Hamilton quaternionic space.
Let ej, j ¼ 1, 2, . . . ,m be the generating basic elements of the 2m-dimensional real

linear associative but non-commutative Clifford algebra R0,m, with the multiplication
rules

eiej þ ejei ¼ �2�ij, i, j ¼ 1, 2, . . . ,m:

Any element a 2 R0,m may be written as

a ¼
X
A

aAeA, aA 2 R,

where eA ¼ ei1ei2 � � � eik , A ¼ fi1, i2, . . . , ikg � f1, 2, . . . ,mg, i1 < � � � < ik and for A ¼ 6 0,
e0= ¼ 1 is the identity element of R0,m.

For k ¼ 0, 1, . . . ,m fixed, we call

R
ðkÞ
0,m ¼ a 2 R0,m:

X
jAj¼k

aAeA

( )
,

the subspace of k-vectors and thus we have that

R0,m ¼
Xm
k¼0

�R
ðkÞ
0,m:

For a 2 R0,m, thus we may write

a ¼
Xm
k¼0

½a�k,

where [a]k is the projection of a on R
ðkÞ
0,m.

The subspace
Pm

k even �R
ðkÞ
0,m, called ‘even subalgebra’ is denoted by R

þ
0,m.

The Euclidean space R
m is embedded in the Clifford algebra R0,m by identifying

ðx1, x2, . . . , xmÞ with the vector variable x given by

x ¼
Xm
j¼1

xjej:

The first-order linear differential operator

@x0 þ @x ¼ @x0 þ
Xm
j¼1

ej@xj ,

914 D. P. Peña et al.
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called the Cauchy–Riemann operator, splits the Laplace operator in R
mþ1:

� ¼ @2x0 þ
Xm
j¼1

@2xj ¼ ð@x0 þ @xÞð@x0 � @xÞ:

A continuously differentiable R0,m-valued function g defined in some open set of
R

mþ1 solution of the equation ð@x0 þ @xÞg ¼ 0 is called a left monogenic function (see
e.g. [2,3]).

The operator @x is called the Dirac operator in R
m. For a differentiable k-vector-

valued function Fk ¼
P

jAj¼k eAFk,A and a differentiable R0,m-valued function g,
we have that (see e.g. [4])

@xðFkgÞ ¼ ð@xFkÞgþ 2
Xm
j¼1

½ejFk�k�1@xjgþ ð�1ÞkFkð@xgÞ:

This Leibniz rule, in the particular case of a differentiable scalar-valued function �
reads as:

@xð� gÞ ¼ ð@x�Þgþ �ð@xgÞ, ð1Þ

and for a vector-valued function f ¼
Pm

j¼1 ej fj:

@xð f gÞ ¼ ð@x f Þg� 2
Xm
j¼1

fj@xjg� f ð@xgÞ: ð2Þ

In [5], Sce extended the Fueter’s theorem to R0,m for m odd, i.e. under the same
assumptions on f, the function f

�ðm�1Þ=2 uðx0, rÞ þ ! vðx0, rÞð Þ ðr ¼ jxj, r! ¼ xÞ,

is left monogenic.
In [6], Sommen generalized the Sce’s result: If m is an odd positive integer, then

�kþððm�1Þ=2Þ uðx0, rÞ þ ! vðx0, rÞð ÞPkðxÞ½ �

is also left monogenic function, where PkðxÞ is a homogeneous left-monogenic
polynomial of degree k in R

m.
The Fueter’s theorem has also been considered for m even (see [7,8]) and also for

non-integer powers (see [7]).
The Fueter’s theorem provides us with the so-called axial monogenic functions of

degree k (see [9,10]), i.e. monogenic functions of the form

Aðx0, rÞ þ !Bðx0, rÞð ÞPkðxÞ,

An alternative proof of Fueter’s theorem 915
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A and B being R-valued and satisfying the Vekua-type system

@x0A� @rB ¼
2kþm� 1

r
B,

@x0Bþ @rA ¼ 0:

We split up R
m as R

m
¼
Pd

s¼1 �R
ps ,
Pd

s¼1 ps ¼ m. Therefore, the vector variable x
may be written as

x ¼
Xd
s¼1

xðsÞ, xðsÞ ¼
Xps
j¼1

e
ðsÞ
j x

ðsÞ
j ,

and the Dirac operator @x as

@x ¼
Xd
s¼1

@xðsÞ , @xðsÞ ¼
Xps
j¼1

e
ðsÞ
j @

xðsÞ
j
:

Let

rs ¼ xðsÞ
�� ��, !s ¼

xðsÞ

rs
, s ¼ 1, 2, . . . , d:

Next, we consider the following harmonic multivector field

gðx0, r1, . . . , rdÞ ¼ ðg0ðx0, r1, . . . , rdÞ, g1ðx0, r1, . . . , rdÞ, . . . , gdðx0, r1, . . . , rdÞÞ

i.e. g satisfies the Riesz system

@x0g0 �
Xd
s¼1

@rsgs ¼ 0,

@x0gs þ @rsg0 ¼ 0,

@rsgj � @rjgs ¼ 0,

s, j ¼ 1, 2, . . . , d, s 6¼ j.
Looking for a version of Fueter’s theorem in the poly-axial case, Qian and Sommen

proved in [11] the following result: If ps (s ¼ 1, 2, . . . , d ) are odd, then the function

�ðm�d Þ=2 g0ðx0, r1, . . . , rdÞ þ
Xd
j¼1

!j gjðx0, r1, . . . , rdÞ

 !
ð3Þ

is left monogenic with respect to @x0 þ @x, where � ¼ @2x0 þ
Pd

s¼1 �xðsÞ , �xðsÞ ¼
Pps

j¼1 @
2

x
ðsÞ
j

.
The present article, extends the previous result as given in the following.

916 D. P. Peña et al.
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THEOREM 1 Let g, ps ðs ¼ 1, 2, . . . , d Þ as above. Then

�kþððm�d Þ=2Þ g0ðx0, r1, . . . , rdÞ þ
Xd
j¼1

!j gjðx0, r1, . . . , rdÞ

 !
PkðxÞ

" #
,

is also left monogenic with respect to @x0 þ @x, where PkðxÞ ¼
Qd

j¼1 Pkj ðx
ð j ÞÞ, k ¼

Pd
j¼1 kj

and Pkj ðx
ð j ÞÞ is a homogeneous left-monogenic polynomial of degree kj in R

pj with values
in R

þ
0, pj

.

In [11], the authors gave an elegant proof of the Fueter’s theorem based on the
fact that the function

g0ðx0, r1, . . . , rdÞ þ
Xd
j¼1

!j gjðx0, r1, . . . , rdÞ,

may be written locally as ð@x0 � @xÞhðx0, r1, . . . , rdÞ for some scalar harmonic function in
the dþ 1 variables x0, r1, . . . , rd. Therefore, function (3) is left monogenic if

�ðm�dþ2Þ=2hðx0, r1, . . . , rdÞ ¼ 0,

see [11], Theorem 3.
The present article is not just an extension of the mentioned result in [11], but also

proves it in a different way.
The sketch of the proof of Theorem 1 is as follows: First to prove that

�kþððm�d Þ=2Þ g0ðx0, r1, . . . , rdÞ þ
Xd
j¼1

!j gjðx0, r1, . . . , rdÞ

 !
PkðxÞ

" #
,

has the form

A0ðx0, r1, . . . , rdÞ þ
Xd
j¼1

!j Ajðx0, r1, . . . , rdÞ

 !
PkðxÞ,

and then verify that Aj ( j ¼ 0, 1, . . . , d ) satisfy the corresponding Vekua system for
poly-axial monogenic functions of degree k.

2. Proof of Theorem 1

The proof of Theorem 1 is divided into several steps:

LEMMA 1 Let Ajðx0, r1, . . . , rdÞ ð j ¼ 0, 1, . . . , d Þ R-valued, then the function

A0ðx0, r1, . . . , rdÞ þ
Xd
j¼1

!j Ajðx0, r1, . . . , rdÞ

 !
PkðxÞ,

An alternative proof of Fueter’s theorem 917
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is left monogenic if the Aj ð j ¼ 0, 1, . . . , d Þ are solutions of the system

@x0A0 �
Xd
j¼1

@rjAj ¼
Xd
j¼1

2kj þ pj � 1

rj
Aj,

@x0Al þ @rlA0 ¼ 0,

@rlAj � @rjAl ¼ 0,

l, j ¼ 1, 2, . . . , d, l 6¼ j.

Proof Applying (1) and (2) yields

@xðA0 PkðxÞÞ ¼
Xd
l¼1

!l @rlA0

 !
PkðxÞ

@xðAj !j PkðxÞÞ ¼ ð@xAjÞ!j þ Ajð@x !jÞ
� �

PkðxÞ � 2
Aj

rj

Xpj
l¼1

x
ð j Þ
l @

x
ð j Þ

l

PkðxÞ

¼
Xd
l¼1

@rlAj !l !j �
pj � 1

rj
Aj

 !
PkðxÞ � 2

kj
rj

Aj PkðxÞ:

Therefore,

ð@x0 þ @xÞ A0 þ
Xd
j¼1

!j Aj

 !
PkðxÞ

 !
¼ @x0A0 �

Xd
j¼1

@rjAj þ
2kj þ pj � 1

rj
Aj

� � !
PkðxÞ

þ
Xd
j¼1

ð@x0Aj þ @rjA0Þ!j

 !
PkðxÞ

þ
Xd
l¼1

Xd
j¼lþ1

ð@rlAj � @rjAlÞ!l !j

 !
PkðxÞ,

which gives the desired result. g

LEMMA 2 Let hðx0, r1, . . . , rdÞ be a scalar function. Then

(i) @2rs ½Drsð�Þfhg� ¼ Drs ð�Þf@
2
rs
hg � 2�Drsð�þ 1Þfhg,

(ii) @rs ½Drsð�� 1Þfh=rsg� ¼ Drsð�Þfhg,
(iii) Drsð�Þf@rshg ¼ @rs ½Drs ð�Þfhg�,
(iv) Drsð�Þf@rshg � @rsD

rs ð�Þfhg ¼ ð2�=rsÞD
rsð�Þfhg:

where Drs ð�Þfhg ¼ ðð1=rsÞ @rsÞ
�
fhg and

Drsð0Þfhg ¼ h,

Drsð1Þfhg ¼ @rs
h

rs

� �
,

Drs ð�Þfhg ¼ @rs

�Drsð�� 1Þfhg

rs

�
, � � 2,

s ¼ 1, . . . , d.

918 D. P. Peña et al.
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Proof To prove (i), we use mathematical induction. When �¼ 1, we have

@2rs ½Drsð1Þfhg� ¼
@3rsh

rs
� 2

@2rsh

r2s
þ 2

@rsh

r3s

¼ Drsð1Þf@
2
rs
hg � 2Drsð2Þfhg,

as desired.
Now, we proceed to show that when the case (i) holds for a positive integer �, then (i)

also holds for �þ 1. Indeed,

@2rs ½Drsð�þ 1Þfhg� ¼ Drs ð1Þf@
2
rs
½Drs ð�Þfhg�g � 2Drsð2ÞfDrs ð�Þfhgg

¼ Drs ð1Þ Drsð�Þf@
2
rs
hg � 2�Drsð�þ 1Þfhg

n o
� 2Drsð�þ 2Þfhg

¼ Drs ð�þ 1Þf@2rshg � 2ð�þ 1ÞDrs ð�þ 2Þfhg,

where, we have used the mathematical induction hypothesis on �.
(ii) comes easily from the definition of Drsð�Þfhg. Next, using (ii), we get

Drsð�Þf@rshg ¼ @rs Drsð�� 1Þ
@rsh

rs

� 	
 �
¼ @rs ½Drsð�Þfhg�:

Finally to obtain (iv) we use (i) and (ii), respectively. In fact,

Drs ð�Þ @rsh
� 

� @rsD
rs ð�Þfhg ¼ Drs ð�Þf@rshg � @2rs Drsð�� 1Þ

h

rs

� 	
 �

¼ Drs ð�Þf@rshg �Drsð�� 1Þ @2rs
h

rs

� 	� 	
þ 2ð�� 1ÞDrs ð�Þ

h

rs

� 	

¼ 2�Drsð�Þ
h

rs

� 	
¼

2�

rs
Drsð�Þfhg,

and this completes the proof. g

LEMMA 3 Let hðx0, r1, . . . , rdÞ be a scalar function harmonic in the dþ 1 variables
x0, r1, . . . , rd. Then

ðiÞ @2x0

Yd
s¼1

Drsð�sÞfhg þ
Xd
j¼1

@2rj

Yd
s¼1

Drsð�sÞfhg ¼ �2
Xd
j¼1

�j

Yd
s¼1, s6¼j

Drsð�sÞDrjð�j þ 1Þfhg,

ðiiÞ @2x0

Yd
s¼1, s 6¼c

Drs ð�sÞD
rc ð�cÞfhg þ

Xd
j¼1

@2rj

Yd
s¼1, s 6¼c

Drs ð�sÞD
rc ð�cÞfhg

¼ �2
Xd

j¼1, j6¼c

�j

Yd
s¼1, s 6¼c, j

Drs ð�sÞD
rc ð�cÞDrjð�j þ 1Þfhg

�2�c

Yd
s¼1, s6¼c

Drsð�sÞD
rc ð�c þ 1Þfhg:

An alternative proof of Fueter’s theorem 919
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Proof Using Lemma 2 and the assumption on h, we can prove that

@2x0

Yd
s¼1

Drsð�sÞfhg þ
Xd
j¼1

@2rj

Yd
s¼1

Drsð�sÞfhg ¼
Yd
s¼1

Drsð�sÞf@
2
x0
hg

þ
Xd
j¼1

Yd
s¼1, s 6¼j

Drsð�sÞ Drjð�jÞf@
2
rj
hg � 2�jDrj ð�j þ 1Þfhg

n o

¼
Yd
s¼1

Drs ð�sÞf@
2
x0
hg þ

Xd
j¼1

Yd
s¼1

Drsð�sÞf@
2
rj
hg � 2

Xd
j¼1

�j

Yd
s¼1, s6¼j

Drs ð�sÞDrjð�j þ 1Þfhg

¼ �2
Xd
j¼1

�j

Yd
s¼1, s6¼j

Drs ð�sÞDrjð�j þ 1Þfhg:

Similarly (ii) can be proved in the same way. In fact,

@2x0

Yd
s¼1, s 6¼c

Drs ð�sÞD
rc ð�cÞfhg þ

Xd
j¼1

@2rj

Yd
s¼1, s 6¼c

Drs ð�sÞD
rc ð�cÞfhg

¼
Yd

s¼1, s6¼c

Drsð�sÞD
rc ð�cÞf@

2
x0
hg þ

Xd
j¼1, j6¼c

Yd
s¼1, s6¼c

Drsð�sÞD
rc ð�cÞf@

2
rj
hg

� 2
Xd

j¼1, j 6¼c

�j

Yd
s¼1, s 6¼c, j

Drs ð�sÞD
rc ð�cÞDrj ð�j þ 1Þfhg

þ
Yd

s¼1, s 6¼c

Drs ð�sÞ @3rc Drc ð�c � 1Þ
h

rc

� 	
 �� 	
:

As,

@3rc Drc ð�c � 1Þ
h

rc

� 	
 �
¼ @rc Drc ð�c � 1Þ @2rc

h

rc

� 	� 	
 �
� 2ð�c � 1Þ @rcDrc ð�cÞ

h

rc

� 	
¼ Drc ð�cÞf@

2
rc
hg � 2�cD

rc ð�c þ 1Þfhg,

we get that

@2x0

Yd
s¼1, s6¼c

Drsð�sÞD
rc ð�cÞfhg þ

Xd
j¼1

@2rj

Yd
s¼1, s6¼c

Drsð�sÞD
rc ð�cÞfhg

¼
Yd

s¼1, s 6¼c

Drsð�sÞD
rc ð�cÞf@

2
x0
hg þ

Xd
j¼1

Yd
s¼1, s 6¼c

Drs ð�sÞD
rc ð�cÞf@

2
rj
hg

� 2
Xd

j¼1, j 6¼c

�j

Yd
s¼1, s 6¼c, j

Drs ð�sÞD
rc ð�cÞDrjð�j þ 1Þfhg

920 D. P. Peña et al.
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� 2�c

Yd
s¼1, s 6¼c

Drs ð�sÞD
rc ð�c þ 1Þfhg

¼ �2
Xd

j¼1, j6¼c

�j

Yd
s¼1, s 6¼c, j

Drsð�sÞD
rc ð�cÞDrjð�j þ 1Þfhg

� 2�c

Yd
s¼1, s 6¼c

Drs ð�sÞD
rc ð�c þ 1Þfhg,

and we have our result. g

LEMMA 4 Let hðx0, r1, . . . , rdÞ be a scalar function harmonic in the dþ 1 variables
x0, r1, . . . , rd. Then

��½hPkðxÞ� ¼
X �!

�1! � � ��d!

Yd
s¼1

dps, ksð�sÞ
Yd
s¼1

Drsð�sÞfhg

 !
PkðxÞ

��½!j hPkðxÞ� ¼ !j

X �!

�1! � � ��d!

Yd
s¼1

dps, ksð�sÞ
Yd

s¼1, s 6¼j

Drs ð�sÞD
rj ð�jÞfhg

 !
PkðxÞ,

where the summation runs over all possible �1, . . . ,�d 2 N0 such that

Xd
s¼1

�s ¼ �,

and

dps, ksð�sÞ ¼ ð2ks þ ps � 1Þð2ks þ ps � 3Þ � � � ð2ks þ ps � ð2�s � 1ÞÞ

dps, ks ð0Þ ¼ 1:

Proof The proof follows by induction using Lemma 3, and the following identities

�½hPkðxÞ� ¼
�
@2x0hþ

Xd
s¼1

@2rshþ
Xd
s¼1

2ks þ ps � 1

rs
@rsh

�
PkðxÞ

�½!j hPkðxÞ� ¼ !j @2x0hþ
Xd
s¼1

@2rshþ
Xd

s¼1, s 6¼j

2ks þ ps � 1

rs
@rshþ ð2kj þ pj � 1Þ@rj

h

rj

� 	 !
PkðxÞ,

which are valid for any scalar function h. g

Remark If, in addition to the assumption in Lemma 4, we assume that p1, p2, . . . , pd
are odd, then

�kþððm�dþ2Þ=2Þ½hPkðxÞ� ¼ �kþððm�dþ2Þ=2Þ½!j hPkðxÞ� ¼ 0:

Indeed, in that case, all the terms in the expansions of Lemma 4 are zero. In fact,
if there is a non-zero term in those expansions, then we have 2ks þ ps � ð2�s � 1Þ � 2

An alternative proof of Fueter’s theorem 921
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for s ¼ 1, 2, . . . , d. Since
Pd

s¼1 ps ¼ m,
Pd

s¼1 ks ¼ k and
Pd

s¼1 �s ¼ � ¼

kþ ððm� dþ 2Þ=2Þ, adding up the previous inequality together produces the false
relation 2 � 0.

Proof of Theorem 1 From Lemma 4 we have

�kþððm�d Þ=2Þ g0 þ
Xd
j¼1

!j gj

 !
PkðxÞ

" #
¼ A0 þ

Xd
j¼1

!j Aj

 !
PkðxÞ, ð4Þ

with

A0 ¼ ð2kþm� d Þ!!
Yd
s¼1

Drs ks þ
ps � 1

2

� �
fg0g

Aj ¼ ð2kþm� d Þ!!
Yd

s¼1, s6¼j

Drs ks þ
ps � 1

2

� �
Drj kj þ

pj � 1

2

� �
fgjg,

j ¼ 1, 2, . . . , d.
Now, taking into account Lemma 2 and the fact that g satisfy the Riesz system,

it is easy to check that (4) satisfy the Vekua system for poly-axial monogenic functions
of degree k. g
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