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In this article, by defining the generalized co-dimension-p sinc function, the corresponding sinc
interpolations (Shannon sampling theorems) are obtained.
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1. Introduction

Sinc function in the real line R is defined by

sincðxÞ ¼
1

2�

Z �

��

eixtdt ¼
sinð�xÞ

�x
:

It has a holomorphic extension to the complex plane C, i.e.,:

sincðzÞ ¼
1

2�

Z �

��

eiztdt ¼
sinð�zÞ

�z
: ð1Þ

Some applications of the sinc function may be found in [1].
For a set A, let �A denote the characteristic function of A. Sinc function in Rm is

defined by

sincðxÞ ¼ ð�½��,��m Þ
�
ðxÞ ¼

1

ð2�Þm

Z
Rm

eihx, �i�½��,��m ð�Þd�

¼
Ym
i¼1

sincðxiÞ ¼
Ym
i¼1

sinð�xiÞ

�xi
:
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As a counterpart generalization of the sinc function (1) to higher-dimensional cases,
Kou and Qian extended the sinc function in Rm to mþ 1-dimensional real variables Rm

1

with the Clifford analysis setting in [2]. The definition of the extended sinc function
(we call it inhomogeneous co-dimension-1 sinc function) is based on the generalized
exponential function eðx, �Þ in Rm

1 � Rm, extending the classical exponential function
eihx, �i in Rm � Rm. Furthermore, using the inhomogeneous co-dimension-1 sinc
function, they obtained the Shannon sampling theorem [2] corresponding to the
Paley–Wiener (P–W) theorem in Rm

1 [3]. In this article, we define co-dimension-p sinc
functions and prove the corresponding Shannon samplings in relation to the P–W
theorems obtained in [4].

2. Preliminaries

For a basic knowledge and notation in relation to the Clifford algebra the readers are
referred to [5–7].

Let e1, :::, em be basic elements satisfying eiej þ ejei ¼ �2�ij, where �ij ¼ 1 if i¼ j and
�ij ¼ 0 otherwise, i, j ¼ 1, 2, . . . ,m: Set

Rm ¼ fx ¼ x1e1 þ � � � þ xmem : xj 2 R, j ¼ 1, 2, . . . ,mg,

and

Rm
1 ¼ fx ¼ x0 þ x : x0 2 R, x 2 Rmg:

Rm and Rm
1 are called, respectively, the homogeneous and inhomogeneous Euclidean

spaces.
Elements in Rm are called homogeneous vectors and those of Rm

1 inhomogeneous
vectors or vectors. The real (or complex) Clifford algebra generated by e1, e2, . . . , em,
denoted by RðmÞ (or CðmÞ), is the universal associative algebra generated by
e1, e2, . . . , em, over the real (or complex) field R (or C). A general element in RðmÞ

(or CðmÞ), a Clifford number, therefore, is of the form x ¼
P

S xSeS, where for S 6¼ 60,
eS are ordered reduced products of the basis elements and eS ¼ ei1ei2 � � � eil , where S
runs over all the ordered subsets of f1, 2, . . . ,mg, namely

S ¼ f1 � i1 < i2 < � � � < il � mg, 1 � l � m,

and, for S ¼ 60, we set e 6 0 ¼ e0 ¼ 1.
The natural inner product between x and y in CðmÞ, denoted by hx, yi, is the

complex number
P

S xSyS, where x ¼
P

S xSeS and y ¼
P

S ySeS: The norm associated
with this inner product is

jxj ¼ hx,xi1=2 ¼
X
S

jxSj
2

 !1=2

:
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The Clifford conjugate of a vector x ¼ x0 þ x, is defined to be x ¼ x0 � x: It is easy
to verify that if x 6¼ 0 and x 2 Rm

1 , then x has an inverse, x�1, and

x�1 ¼
x

jxj2
:

The unit sphere fx 2 Rm : jxj ¼ 1g is denoted by Sm�1: We use Bðx, rÞ for the open ball
in Rm centered at x with radius r, and Bðx, rÞ for the topological closure of Bðx, rÞ:

Subsequently we shall study functions defined in the homogeneous space Rm taking
values in CðmÞ. So, they are of the form fðxÞ ¼

P
S fSðxÞeS, where fS are complex-valued

functions. We shall use the Dirac operator, or the homogeneous Dirac operator, @x,
where @x ¼ ð@=@x1Þe1 þ � � � þ ð@=@xmÞem: We define the ‘‘left’’ and ‘‘right’’ roles of the
operator @x by

@x f ¼
Xm
i¼1

X
S

@fS
@xi

eieS

and

f @x ¼
Xm
i¼1

X
S

@fS
@xi

eSei:

If @x f ¼ 0 in a domain (open and connected) U, then we say that f is left-monogenic in
U; and, if f @x ¼ 0 in U, then f is said to be right-monogenic in U. Left- or right-
monogenic are called one-sided-monogenic or simply monogenic. The function theories
for left- and right-monogenic functions, respectively, are parallel. If f is both left- and
right-monogenic, then we say that f is two-sided-monogenic.

In Rm
1 we shall use the inhomogeneous Dirac operator, or the generalized

Cauchy–Riemann operator, @x ¼ @0 þ @x, @0 ¼ ð@=@x0Þ: The concept of monogenic
functions in Rm

1 is defined via the inhomogeneous Dirac operator @x in a similar
manner. The monogenic function theories for the homogeneous and inhomogeneous
spaces, respectively, are analogous.

Let k 2 N, where N denotes the set of non-negative integers. Denote by
Mþ

‘ ðm, k,CðmÞ
Þ the space of k-homogeneous left-monogenic polynomials in Rm, whose

restriction to Sm�1 is denoted by M
þ
‘ ðm, k,CðmÞ

Þ.
The Fourier transform of functions in Rm is defined by

f̂ð�Þ ¼

Z
Rm

e�ihx, �ifðxÞdx,

and the inverse Fourier transform by

�gðxÞ ¼
1

ð2�Þm

Z
Rm

eihx, �igð�Þd�,

where � ¼ �1e1 þ � � � þ �mem.
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To extend the domain of Fourier transforms to Rm
1 , we first need to extend the

exponential function eihx, �i: Denote, for x ¼ x0e0 þ x,

eðx, �Þ ¼ eihx, �ie�x0j�j�þð�Þ þ eihx, �iex0j�j��ð�Þ, ð2Þ

where

��ð�Þ ¼
1

2
1� i

�e0

j�j

 !
:

It is easy to verify that the functions �� satisfy the properties for projections:

���þ ¼ �þ�� ¼ 0, �2
� ¼ ��, �þ þ �� ¼ 1:

As extension of eðx, �Þ ¼ eihx, �i to Rm
1 � Rm, it is easy to verify that, for any fixed �,

eðx, �Þ is two-sided-monogenic in x 2 Rm
1 : The above extension is the inhomogeneous

co-dimension-1 CK extension of eðx, �Þ to Rm
1 : Replacing e0 by �0 in equation (2),

where �0 is a basis element added to the collection e1, . . . , em, with �20 ¼ �1 and
anti-commutativity with the other ej, j ¼ 1, . . . ,m, one obtains the homogeneous
co-dimension-1 CK extension eðx0�0, x, �Þ of e

ihx, �i in Rmþ1: This function eðx0�0, x, �Þ
is left-monogenic in x 2 Rmþ1: Generalizations of the exponential function of these
types can be first found in the work of Sommen [8], and then in Li et al. [7], where �
is further extended to � þ i� 2 Cm:

In [6], the generalized CK extension tells us: If A0ð yÞ is an analytic function in Rq,
for any k-homogeneous left-monogenic polynomial PkðxÞ in Rp, there exists a unique
sequence ðAlð yÞÞl>0 of analytic functions such that the series

fPk
ðx, yÞ ¼

X1
l¼0

xlPkðxÞAlð yÞ

¼ � kþ
p

2

� � r
ffiffiffiffiffiffi
�y

q
2

0@ 1A�ðkþð p=2ÞÞ
r
ffiffiffiffiffiffi
�y

q
2

Jkþp
2�1 r

ffiffiffiffiffiffi
�y

q� �
þ
x@y

2
Jkþðp=2 r

ffiffiffiffiffiffi
�y

q� �24 35ðPkðxÞA0ð yÞÞ,

ð3Þ

is convergent and its sum fPk
is left-monogenic in any compact set belongs to Rp � Rq.

Where ð
ffiffiffiffiffiffi
�y

p
Þ
2
¼ �y, the Laplacian in y, and Jv the Bessel function

JvðuÞ ¼
X1
l¼0

ð�1Þl

22lþvl!�ðlþ vþ 1Þ
u2lþv:

We call fPk
ðx, yÞ the generalized CK extension in relation to Pk of A0ð yÞ and A0ð yÞ the

initial value of fPk
ðx, yÞ. In particular, when k ¼ 0,Pk ¼ 1, we get A0ð yÞ ¼ fPk

jRq .
Denote T Pk

ðRqÞ the space of all functions of the form (3).
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Furthermore, for any left-monogenic function fðx, yÞ in ~U belongs to Rm ¼ Rp � Rq,
where x ¼ r! 2 Rp, y 2 Rq, denote Tkð f Þð!, yÞ ¼ limr!0 1=r

kPðkÞfðr,!, yÞ, where P(k)
being the projection onto Mþ

‘ ð p, k,C
ð pÞ
Þ. It can be decomposed in variable x.

By using a basis Pk, �ð!Þ for M
þ
‘ ð p, k,C

ð pÞ
Þ,

Tkð f Þð!, yÞ ¼
X
�2Ak

Pk, �ð!ÞTk, �ð f Þð yÞ,

where Tk, �ð f Þð yÞ are real analytic functions.
Denote the generalized CK extension of Tk, �ð f Þð yÞ with Pk, �ðxÞ by Tk, �ðx, yÞ, then

f can be written in a uniquely way as

fðx, yÞ ¼
X
k

X
�2Ak

Tk,�ðx, yÞ, ð4Þ

where Tk, �ðx, yÞ ¼
P

l x
lPk, �ðxÞT

ðlÞ
k, �ð f Þð yÞ and the series (4) converging uniformly

on any compact set in ~U. The series (4) is called the generalized Taylor series and
T

ð0Þ
k, �ð f Þð yÞ ¼ Tk, �ð f Þð yÞ are called the initial values of f.
To extend the domain of Fourier transforms to Rp � Rq, we also need to extend

the exponential function eihy, ti: In [4], for a given k-homogeneous left-monogenic
polynomial PkðxÞ, we get the generalized CK extension of eihy, ti in T Pk

ðRqÞ,
x ¼ r! 2 Rp, y, t 2 Rq, denoted by

"pPk
ðx, y, tÞ ¼ � kþ

p

2

� �
rkeihy, ti

rjtj

2

� ��k�ðp=2Þþ1

Ikþðp=2Þ�1ðrjtjÞ þ iIkþðp=2ÞðrjtjÞ!
t

jtj

� �
Pkð!Þ,

ð5Þ

where

IvðuÞ ¼ i�vJvðiuÞ ¼
X1
k¼0

1

k!�ðvþ k� 1Þ

u

2

� �uþ2k

,

being a kind of Bessel functions. Then "pPk
ðx, y, tÞ is left-monogenic in Rp � Rq.

In particular, when Pk ¼ 1, k ¼ 0, we have

"p1ðx, y, tÞ ¼ �
p

2

� �
eihy, ti

rjtj

2

� ��ðp=2Þþ1

Iðp=2Þ�1ðrjtjÞ þ iIp=2ðrjtjÞ!
t

jtj

� �
:

We in particular denote

"11ðx1e1, y, tÞ ¼ eðx1e1, y, tÞ:

From [4], we have, for any u > 0,

u

2

� ��v

IvðuÞ ¼
X1
k¼0

1

k!�ðvþ kþ 1Þ

u

2

� �2k
� C

X1
k¼0

u2k

ð2kÞ!
� Ceu: ð6Þ
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When jtj � �, we have

j"pPk
ðx, y, tÞj � C

2

�

� �k
r�

2

� ��ðp=2Þþ1

Ikþp
2�1ðr�Þ þ Ikþp

2
ðr�Þ

h i
� C½Ikðr�Þ þ Ikþ1ðr�Þ�

� Cer�: ð7Þ

3. Exact interpolation with Shannon sampling in Rm
^Rp � Rq

Based on the extension of the exponential function given by (5), the generalized
co-dimension-p sinc function in relation to PkðxÞ 2 Mþ

‘ ð p, k,C
ð pÞ
Þ is defined by

sinc
p
Pk
ðx, yÞ ¼

1

ð2�Þq

Z
Rq

"pPk
ðx, y, tÞ�½��,��qðtÞdt: ð8Þ

For h>0 fixed, define the cardinal function of f to be

Cð f, hÞðx, yÞ �
X
k2Zq

sinc
p
Pk

x

h
,
y� hk

h

� �
fðhkÞ,

from equation (8), we have

sinc
p
Pk

x

h
,
y� hk

h

� �
¼

hq

ð2�Þq

Z
½�ð�=h, ð�=h�q

"pPk
ðx, y� hk, tÞdt: ð9Þ

Next, we shall consider the generalized co-dimension-p interpolation via the cardinal
function corresponding to the generalized co-dimension-p P–W theorem proved in [4]:

LEMMA 1 [4] (Generalized co-dimension-p P–W theorem) Let Pk 2 Mþ
‘ ð p, k;C

ð pÞ
Þ be

given, F analytic, defined in Rq, taking values in CðqÞ, which is the complex Clifford
algebra generated by epþ1, . . . , epþq, and F 2 L2ðRqÞ, � be a positive real number. Then
the following two assertions are equivalent:

10 F has a homogeneous co-dimensional-p generalized CK extension to Rpþq, denoted by
fPk

, and there exists a constant C such that

j fPk
ðx, yÞj � Ce�jxj, for any x 2 Rp, y 2 Rq:

20 suppðF̂Þ 	 Bð0,�Þ:

Moreover, if one of the above conditions holds, then we have

fPk
ðx, yÞ ¼

1

ð2�Þq

Z
Rq

"pPk
ðx, y, �ÞF̂ð�Þd�, for any x 2 Rp, y 2 Rq:

A function f in Rp � Rq is said to be of exponential type � if

j fðx, yÞj � Ce�jxj, for any x 2 Rp, y 2 Rq

holds.
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For any h>0, denote

PWT Pk
ðRqÞð�=hÞ ¼ f f j f 2 T Pk

ðRqÞ and of exponential type �=h, the initial value

F 2 L2ðRqÞ and taking values in CðqÞ
g:

Particularly, taking k ¼ 0, Pk ¼ 1 and p¼ 1, we have

PWRqþ1ð�=hÞ ¼ f f j f is left-monogenic in Rqþ1and of exponential type �=h, f jRq 2 L2ðRqÞ,

and f jRq taking values in CðqÞ
g:

The following theorems characterize the functions in the P–W class PWT Pk
ðRqÞð�=hÞ.

THEOREM 1 If f 2 PWT Pk
ðRqÞð�=hÞ, then for any x 2 Rp, y 2 Rq, we have

10

fðx, yÞ ¼
1

hq

Z
Rq

sinc
p
Pk

x

h
,
y� �

h

� �
Fð�Þd�:

20

1

ð2�Þq

Z
½��=h,�=h�q

jF̂ð yÞj2dy ¼

Z
Rq

jFðtÞj2dt ¼
X
k2Zq

jFðhkÞj2, ð10Þ

where F is the initial value of f.

Proof 10: Since f 2 PWT Pk
ðRqÞð�=hÞ, according to Lemma 1, we have

fðx, yÞ ¼
1

ð2�Þq

Z
Bð0,�=hÞ

"pPk
ðx, y, tÞF̂ðtÞdt

¼
1

ð2�Þq

Z
½��=h,�=h�q

"pPk
ðx, y, tÞF̂ðtÞdt

¼
1

ð2�Þq

Z
Rq

"pPk
ðx, y, tÞ�½��=h,�=h�qðtÞF̂ðtÞdt:

By Parseval’s theorem and (9), the above is equal to

1

ð2�Þq

Z
Rq

h
"pPk

ðx, y, tÞ�½��=h,�=h�qðtÞ
ib
ð�ÞFð�Þd�

¼
1

hq

Z
Rq

Z
½��=h,�=h�q

"pPk
ðx, y� �, tÞdt

� �
Fð�Þd�

¼
1

hq

Z
Rq

sinc
p
Pk

x

h
,
y� �

h

� �
Fð�Þd�:
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20: From Lemma 1, we have

FðtÞ ¼
1

ð2�Þq

Z
Bð0,�=hÞ

eihy, tiF̂ð yÞdy ¼
1

ð2�Þq

Z
½��=h,�=h�q

eihy, tiF̂ð yÞdy:

Considering the Fourier expansion of F̂ in the cube ½��=h, �=h�q, we have

hqFðhkÞ ¼
1

ð2RÞq

Z
½�R,R�q

ei�hx, ki=RF̂ð yÞdy ¼ ck,

where R ¼ �
h, and ck are the Fourier coefficients of F̂. The Plancherel theorem of

Fourier series is

Z
½�R,R�q

jF̂ð yÞj2dy ¼ ð2RÞq
X
k2Zq

jckj
2,

and the Plancherel theorem on L2-functions in Rq reads

Z
Rq

jF̂ð yÞj2dy ¼

Z
½�R,R�q

jF̂ð yÞj2dy ¼ ð2�Þq
Z
Rq

jFðtÞj2dt:

So we have

1

ð2�Þq

Z
½��=h,�=h�q

jF̂ð yÞj2dy ¼

Z
Rq

jFðtÞj2dt ¼
X
k2Zq

jFðhkÞj2: �

COROLLARY 1 If f 2 PWT 1ðR
qÞð�=hÞ, then for any x 2 Rp, y 2 Rq, we have

fðx, yÞ ¼
1

hq

Z
Rq

sinc
p
1

x

h
,
y� �

h

� �
fð�Þd�:

1

ð2�Þq

Z
½��=h,�=h�q

jf̂ð yÞj2dy ¼

Z
Rq

jfðtÞj2dt ¼
X
k2Zq

j fðhkÞj2:

From ð8Þ and the co-dimension-p P–W theorem, we can obtain that sinc
p
Pk
ðx=h, y=hÞ

belongs to PWT Pk
ðRqÞð

ffiffiffi
q

p
�=hÞ. Furthermore, we can construct functions in

PWT Pk
ðRqÞð

ffiffiffi
q

p
�=hÞ using the following Theorem.

THEOREM 2 Let Pk 2 Mþ
‘ ð p, k;C

ð pÞ
Þ be given, F 2 L2ðRqÞ and take values in CðqÞ.

Then f 2 PWT Pk
ðRqÞð

ffiffiffi
q

p
�=hÞ, where

fðx, yÞ ¼ hq
Z
Rq

sinc
p
Pk

x

h
,
y� �

h

� �
Fð�Þd�: ð11Þ
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Proof Applying the Parseval’s theorem to the right-hand side of equation (11), owing
to equation (9), we have

fðx, yÞ ¼
hq

ð2�Þq

Z
Rq

"
sinc

p
Pk

x

h
,
y� �

h

� �#b
ð�tÞF̂ðtÞdt

¼
hq

ð2�Þq

Z
Rq

h�q"pPk
ðx, y, tÞ�½��=h,�=h�qðtÞF̂ðtÞdt

¼
1

ð2�Þq

Z
Rq

"pPk
ðx, y, tÞ�½��=h,�=h�q ðtÞF̂ðtÞdt

¼
1

ð2�Þq

Z
½��=h,�=h�q

"pPk
ðx, y, tÞF̂ðtÞdt:

According to the evaluation (7) of "pPk
, we have

j fðx, yÞj � Ce
ffiffi
q

p
�=hjxj, for any x 2 Rp, y 2 Rq:

By Lemma 1, we get fðx, yÞ 2 PWT Pk
ðRqÞð

ffiffiffi
q

p
�=hÞ. g

Next, the exact sincPk
interpolation of functions in PWT Pk

ðRqÞð�=hÞ is given.

THEOREM 3 If f 2 PWT Pk
ðRqÞð�=hÞ, then for any x 2 Rp, y 2 Rq,

fðx, yÞ ¼ Cð f, hÞðx, yÞ ¼
X
k2Zq

sinc
p
Pk

x

h
,
y� hk

h

� �
FðhkÞ, ð12Þ

where F is the initial value of f and the series on the right-hand side is absolutely and
uniformly convergent for any y 2 Rq and x belongs to any bounded set in Rp.

Proof Since fðx, yÞ 2 PWT Pk
ðRqÞð�=hÞ, Lemma 1 gives

fðx, yÞ ¼
1

ð2�Þq

Z
½��=h,�=h�q

"pPk
ðx, y, tÞF̂ðtÞdt: ð13Þ

Expanding "pPk
ðx, y, tÞ on the cube ½��=h,�=h�q into its multiple Fourier series in

q-variables, we have

"pPk
ðx, y, tÞ ¼

X
k2Zq

eihhk, tiakðx, yÞ, ð14Þ

where

akðx, yÞ ¼
hq

ð2�Þq

Z
½��=h,�=h�q

"pPk
ðx, y, tÞe�ihhk, tidt

¼
hq

ð2�Þq

Z
½��=h,�=h�q

"pPk
ðx, y� hk, tÞdt

¼ sinc
p
Pk

x

h
,
y� hk

h

� �
are the Fourier coefficients of "pPk

ðx, y, tÞ.
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Substituting the series expansion (14) in the integral (13) and interchanging the order
of the summation and the integration due to the L2-convergence, we have

fðx, yÞ ¼
1

ð2�Þq

Z
½��=h,�=h�q

X
k2Zq

eihhk, tisinc
p
Pk

x

h
,
y� hk

h

� �
F̂ðtÞdt

¼
X
k2Zq

sinc
p
Pk

x

h
,
y� hk

h

� �
1

ð2�Þq

Z
½��=h,�=h�q

eihhk, tiF̂ðtÞdt

� �

¼
X
k2Zq

sinc
p
Pk

x

h
,
y� hk

h

� �
FðhkÞ:

We next show the uniform convergence of the series on the right side.
In fact, for any positive number M, using the Cauchy–Schwarz inequality, we have

X
jkjiM

sinc
p
Pk

x

h
,
y� hk

h

� �
FðhkÞ

������
������ �

X
jkjiM

sinc
p
Pk

x

h
,
y� hk

h

� ����� ����2
0@ 1A1=2 X

jkjiM

jFðhkÞj2

0@ 1A1=2

:

Note that the function "pPk
ðx, y, �Þ 2 L2ð½��=h,�=h�qÞ. Using the Bessel inequality and

equation (7), for any bounded set U 2 Rp, we have

X
jkjiM

sinc
p
Pk

x

h
,
y� hk

h

� ����� ����2
0@ 1A1=2

�
h

2�

� �q=2

k"pPk
ðx, y, �ÞkL2ð½��=h,�=h�qÞ

�
h

2�

� �q=2

e
ffiffi
q

p
jxj�=h � C < 1,

where y 2 Rq, x 2 U. Owing to the estimate and equation (10), the series in equation (12)
is convergent uniformly and absolutely in U� Rq. g

The homogeneous co-dimension-p P–W theorem is stated as:

LEMMA 2 [4] (Homogeneous co-dimension-p P–W theorem) Let F be analytic, defined
in Rq, taking values in CðqÞ, the complex Clifford algebra generated by epþ1, . . . , epþq, and
F 2 L2ðRqÞ. � is a positive real number. Then the following two assertions are equivalent:

10 F has a homogeneous co-dimensional-p CK extension to Rpþq, denoted by f, and there
exists a constant C such that

j fðx, yÞj � Ce�jxj, for any x 2 Rp, y 2 Rq:

20 suppðF̂Þ 	 Bð0,�Þ:

Moreover, if one of the above conditions holds, we have

fðx, yÞ ¼
1

ð2�Þq

Z
Rq

"p1ðx, y, �ÞF̂ð�Þd�, for any x 2 Rp, y 2 Rq:
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Corresponding to the Lemma 2, we have the exact sinc
p
1 interpolation of functions in

PWT 1ðR
qÞð�=hÞ.

Corollary 2 If f 2 PWT 1ðR
qÞð�=hÞ, then for any x 2 Rp, y 2 Rq,

fðx, yÞ ¼ Cð f, hÞðx, yÞ ¼
X
k2Zq

sinc
p
1

x

h
,
y� hk

h

� �
fðhkÞ,

where

sinc
p
1ðx, yÞ ¼

1

ð2�Þq

Z
Rq

"p1ðx, y, tÞ�½��,��q ðtÞdt,

and the series on the right-hand side is absolutely and uniformly convergent for any y 2 Rq

and x belongs to any bounded set in Rp.

Henceforth the article shall deal with the Shannon sampling theorem in relation to
the generalized Taylor series.

In [4], the co-dimension-p P–W theorem related to generalized Taylor series reads:

LEMMA 3 Assume that fðx, yÞ is left-monogenic in Rm ¼ Rp � Rq with the form ð4Þ.
For any k 
 0 and � 2 Ak, let Tk, �ð f Þð yÞ ¼ T

ð0Þ
k, �ð f Þð yÞ be analytic, defined in Rq,

taking values in CðqÞ, the complex Clifford algebra generated by epþ1, . . . , epþq,
Tk, �ð f Þð yÞ 2 L2ðRqÞ,

X
k

X
�

Pk, �ðxÞT̂k, �ð f Þð�Þ

�����
����� � Ce�jxj, for any x 2 Rp, � 2 Rq,

where � is a positive real number. Then the following two assertions are equivalent:

10 There exists a constant C such that

j fðx, yÞj � Ce�jxj, for any x 2 Rp, y 2 Rq:

20 suppðT̂k, �ð f ÞÞ 	 Bð0,�Þ, for any k 
 0 and � 2 Ak:

Moreover, if one of the above conditions holds, we have

fðx, yÞ ¼
X
k

X
�

Tk, �ðx, yÞ ¼
1

ð2�Þq
X
k

X
�

Z
Rq

"pPk,�
ðx, y, �ÞT̂k,�ð f Þð�Þd�, ð15Þ

for any x 2 Rp, y 2 Rq and the series is converging uniformly on any compact set
in Rp � Rq.

Next, the Shannon sampling theorem corresponding to the P–W theorem above is
obtained. For any h>0, denote
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PWRp�Rq ð�=hÞ ¼ f f j f is left-monogenic inRp�Rqwith the form ð4Þ and of exponential

type �=h, the initial values Tk,�ð f ÞðyÞ 2L2ðRqÞ and taking values inCðqÞ:g

THEOREM 4 If f 2 PWRp�Rq ð�=hÞ, then for any x 2 Rp, y 2 Rq,

fðx, yÞ ¼
X
k

X
�

C Tk, �ð f Þ, h
	 


ðx, yÞ, ð16Þ

where

C Tk, �ð f Þ, h
	 


ðx, yÞ ¼
X
k2Zq

sinc
p
Pk,�

x

h
,
y� hk

h

� �
Tk, �ð f ÞðhkÞ ð17Þ

and Tk, �ð f Þð yÞ are the initial values of f. The series (16) and (17) on the right-hand side
are uniformly convergent on any compact set in Rp � Rq.

Proof If f 2 PWRp�Rq ð�=hÞ, then f has the form in (15). Using Theorem 3, we obtain

Tk, �ðx, yÞ ¼ C Tk, �ð f Þ, h
	 


ðx, yÞ ¼
X
k2Zq

sinc
p
Pk, �

x

h
,
y� hk

h

� �
Tk,�ð f ÞðhkÞ: �
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