A CLASS OF FOURIER MULTIPLIERS ON STARLIKE LIPSCHITZ
SURFACES
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AssTRACT. In this paper, we consider a class of Fourier multipliers whose symbols are
controlled by a polynomial on starlike Lipschitz surfaces and get the L? boundedness of
these operators on Sobolev spaces and their endpoint estimates.

1. INTRODUCTION

We first give a brief introduction to the studies of singular integral operators on Lipschitz
curves and surfaces. In 1977, in [C], A. P. Calderén proved the [? boundedness of the
singular Cauchy integral operators on a Lipschitz curve y, where the Lipschitz constant of
v is small. In 1982, R. R. Coifman, A. McIntosh and Y. Meyer eliminate this restriction in
[CMcM]. Ever since then, there have been a number of proofs on the L? boundedness of
the singular Cauchy integral operator on Lipschitz curves. We refer the reader to the works
of R. R. Coifman, P. Jones, S. Semmes, D. Jerison and C. Kenig ([CJS], [CM], [JK]) for
further information.

In higher dimensional spaces, the corresponding question is the L> boundedness of cer-
tain convolution singular integrals on a Lipschitz surface

> = {g(g)eo +xeR"™ xe R"} ,

where g is a Lipschitz function which satisfies ||[Vg|lc < tanw < co. In [LMcS], C. Li,
A. McIntosh and S. Semmes embed R"*! in the Clifford algebra R, with identity e, and
consider convolution singular integrals induced by right monogenic functions ¢ satifying
|#(x)] < C|x|™ on a sector

S2 = {x =xo+xeR™ x| < I)_cltany},

where u > w. They proved that if there exists a function ¢; € L™ such that

¢1(R)—¢1(V)=f d(x)dx,0 < r <R < oo,

r<|x|<R

then the related convolution singular integral operator Ty, 4, defined by

Ty, py)(x) = lim { f - ¢(x = y)n()u(y)ds , + ¢1(8n(x))u(x)}
YEL,[y—x|ze

is bounded on LP(X) for 1 < p < oo. Alternative to the method of [LMcS], the work
[GLQ] gives a treatment of the same topic by using the martingale method. In [Ta], the
corresponding singular integral theory with harmonic kernels is established.

In the classical context, under some conditions, there exists a one to one correspondence
between the convolution singular integral operators and their Fourier multiplier forms.
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Such correspondence is generalized to the analytic Cauchy kernels and the related Fourier
multipliers ((CM], [LMcQ], [McQ2]). On the Lipschitz curves and surfaces context, by
some appropriate definition of Fourier transform on the curves and surfaces, the above con-
volution operators have alterative representations in terms of Fourier multipliers ((McQ1],
[LMcQ]). In [LMcQ], in the spirit of the H*—functional calculi of the Dirac operator on
the Lipschitz surfaces, C. Li, A. McIntosh and T. Qian extend a function of m real vari-
ables monogenically to a function of m + 1 real variables (with values in complex Clifford
algebra) and generalize its Fourier transform holomorphically to a function of m complex
variables. In the setting, the Fourier transform b of ¢ can be regarded as, in a general-
ized sense, the Fourier multiplier representation of T4, 4,). They proved that the class of
bounded linear operators on L”(Z) form the bounded H* functional calculus of the Dirac
differential operator —iDs = ;" —iex Dy, x and

Ty, ¢,) = b(=iDs) = b(=iD1, 5, —iDs 5, -+ , =Dy, 5),

where the operators Dy 5, are defined by

0
D =|—
E (Bxk )z *

and u is the restriction to X of a function U being left monogenic on a neighborhood of
X. The theory on Lipschitz surfaces is a generalization of the theory on Lipschitz curves
developed by A. McIntosh and T. Qian ([McQ1], [McQ?2]).

The above studies on singular integrals and Fourier multipliers on infinite Lipschitz
curves and surfaces guide us to consider the analogue for the closed curves and surfaces.
In a series of works in 1996-2001, the third author studied the Fourier analysis on starlike
Lipschitz graphs and established a theory of a class of singular integrals on those surfaces
in R”. For the details, we refer the readers to [Q1]-[Q5].

In the above mentioned works on convolution singular integral operators on either infi-
nite or closed Lipschitz graphs, the multipliers b(£) belong to the class H*(S ) of bounded
and holomorphic functions in sectors, viz.

H®(S,.) = {b : 8. — C: bisholomorphic and satisfies

Ib(z)| < C, inevery S5, 0<v< /1},

and
Hoo(S;) = {b : S; — C: bi = bX{zeC: +Rez>0} € HOO(SZ;)} .

where the sectors S, , and S, are some cones in the complex plane defined in Section 3.
It is natural to ask what happens if b(¢) is dominated by a polynomial, and if we could
establish a similar theory of singular integral operators for such multipliers.

On the other hand, in the recent development of Clifford analysis, there exist some
examples that can not be included into the established frame work of singular integrals on
the Lipschitz graphs.

Example 1.1. In [E], [ES], D. Eelbode introduces the photogenic Cauchy transform Cj
on the unit sphere in R” when solving the so called photogenic Dirac equation for hyper-
bolic fundamental solutions having singularities on the nullcone. Before we introduce this
transform, we state some background knowledge.
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Let R denote the real orthogonal space with orthogonal basis By ,,(g, ¢;) = {g, e1,...,en},
endowed with the quadratic form

m
01T, X) =T =) X3 =T - R,

j=1
where we have put R = [X| = (X7, X?)” 2. The orthogonal space R!" is called m dimen-
sional space-time, m referring to the number of the spatial dimensions. The space-time
Clifford algebra R, is generated by the multiplication rules: e;e; + eje; = —26;; for all
1 <i,j<m,ee+ee; =0foralliand&®> = 1. Vectors in R'", i.e. (m + 1)—tuples (T, X)
or space-time vectors, are identified with 1-vectors in R; , under the canonical map

(T,X) = (T,Xla e sXm) — T +)_( € Rl,m-
The Dirac operator on R is given by the vector derivative D(T, X)im = €07 — Z’j’?:] e;0x;
which factorizes the wave operator O, = 87 — A,, on R'"™:

O, = (807* - Z ej@Xj)z.

j=1
For @ + m > 0 and w € S, we consider the following photogenic Dirac equation
(01 = 0x)Fau(T.X) = T*" ' 6(Tw - X)

and take the transformation:
X
A=Tand x = ? = ré € B,,(1), where B,,(1) is the unit ball in R™ and |£] = 1.

It was proved by D. Eelbode in [E] that

(1 _ r2)a+%
TQ(E, Q) = (2()’ +m+ l)c(a/, m)(e + @m

m+l

(1 _ r2)(1+ 5

+ (a +m)c(a',m)(8+g)(1_ <x@ o)y

where c(a, m) is a constant associated with @ and m. Furthermore, let f(w) be arbitrary
function defined on the sphere S”~!'. For all x € B,,(1), the corresponding photogenic
Cauchy transform C3[f](x) of f is defined by

1
Cplf1®) = o 1 Folx, W f(w)dw,
m §m=
where Q,, is the surface area of the sphere S m=1
If we apply this transform C} on the inner and outer spherical monogenic polynomials
Py and Q; on R" \ {0}, respectively, and take their boundary values by letting » — 1—, we
can get the boundary values C[P;] T and C3[Qx] T, as follows

r(y (@ +m+ ki@ +m+k=1)+ (k- a)ée}Pe(§)

CoIP T (€)

817 (@ + =)o + = :
Clogte - eUre-ble-bratmk- Do)
P k 2 B 871-'"77] (a_‘_%)(a*_%) .
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Clearly, the appearance of the terms ksz(g_f), kPk(g), k> Qk(§)7 ka(gz") implies that for

f e L2(S™ ) the boundary value C3[f] T does not belong to L*(S™ ') unless we restrict
f to be in a smaller space. In [E], the author replaces L>(S™") by a certain Sobolev space
on the sphere to get the boundedness of C3[f] T. Eelbode’s work above inspires us to
consider the class of Fourier multipliers b(¢) satisfying

|b(&)| < C|¢ + 1)° in some domain for s > 0,

and study the boundedness of the convolution singular integral operators related to these
Fourier multipliers.

Remark 1.2. Specially, if we take some special by, in the definition of the Fourier multipliers
(see Definition 4.3 and the remark below), we can see that the multiplier operators become
the boundary values of the Cauchy transform on the hyperbolic unit sphere studied in [E]
and [ES]. Hence the result on the boundedness of multipliers, obtained in the present paper,
generalizes those in [E].

In comparison with the work dealing with photogenic Cauchy transforms C in Exam-
ple 1.1, there exist two difficulties in our setting for the Fourier multipliers.

(1) The kernel ¥, (x, w) of the Cauchy transforms C}, can be deduced from the funda-
mental solution of the wave operator 0O0,,. However, for the kernel of our multipliers, such
an explicit representation is not available.

(2) On the unit sphere of R”, the Plancherel theorem holds. After getting the decompo-
sition of C§(f) associated with spherical monogenic, in [E], the author could easily deduce
that the function C3(f) belongs to L*(S™ ") for f belongs to some Sobolev space. In
new context, i.e. on starlike Lipschitz surfaces, however, there does not exist Plancherel’s
theorem. The method in [E] is not applicable.

To overcome the mentioned difficulties, we estimate the kernels of multipliers by Fueter’s
theorem and its generalization (see Section 3 for details). Our estimates show that the ker-
nels of the Fourier multipliers decay as a polynomial with index —(n + s). Our proof is
similar to that of Qian in [QS5] with some modifications. In particular, for a negative index
s, the term |x|® is unbounded in the domain H,, .. Hence after getting the estimate of the
kernels on H,, _, the Kelvin inversion fails to get that on H,, ;. (see Theorem 3.9).

The organization of this paper is as follows. In Section 2, we state some preliminary
knowledge, notation and terminology that will be used throughout the paper. In Section 3,
using a generalized Fueter’s result, we estimate the kernel of the Fourier multiplier opera-
tors. In Section 4, by the theory of Hardy spaces on starlike Lipschitz surfaces established
in [K], [Mi], we prove the L? boundedness and the endpoint estimate of the corresponding
singular integral operators.

2. PRELIMINARIES

In this paper we work with the real Clifford algebra R” generated by ey, e,, - - - e, as its
basic vectors, over the real number field R under the multiplication relations:

eo = 1;

2 . .

e; = —e=-1, 1<i<m
eej+eje; = 0, i#j1<i,j<n

We denote by R} and R" the real linear subspaces of R®™ generated by {eg, e, ez, - - ¢,} and
by {e1, ez, - - €.}, respectively. A vector in RY is represented as x = xpeg + x, where xp € R
and x = xje; + -+ + x,e, € R". Similar to the complex case, we call xpep and x the real
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and imaginary parts of x. There are two basic operations on these elements:(e;, - - - ¢;,)" =
e, ---e; and (e; ---e;) = (e;) ---(ey), where (eg)’ = eg, (e;)) = —ej,j=1,---,n. By
linearity, they can be extended to R™, RY, R" respectively. We define the operation *“-” by
X = (x*). If x and y are two elements in R™, then we have Xy = y X. If x = x( + x, then
-1 = ’ﬁz and

_|X_

X = xo — x. If x is a nonzero vector, then its inverse x~ 1 exists, and satisfies: x

x'x=xx"!=1, where |x* = x - x.

We also use the complex Clifford algebra C™ generated by ey, - - - , e, over the complex
number field C, whose elements are also denoted by x,y,---. The complex imaginary
element i commutes with all the e;, j = 0,1,--- ,n and i = —i. Therefore we can extend
the definitions of #,” and — from R™ to C™ respectively.

The natural inner product (x, y) between x and y in C* is the complex number Zg x5 Vs,
where x = Xgxseg,y = Xgyses and S runs over all the ordered subsets (iy, - - - ,i;) with i} <
ip <---<ioftheset{l,2,--- ,n}and es = ¢;, - - - ¢;. Hence it is natural to define the norm
of this inner space as |x| = (x, x)!/? = (Zg|xs]*)'/2. We can easily prove the inner product
and the norm satisfy the parallelogram identity, that is, (x,y) = $(lx + y/* — [x = y[*). The
angle between two vectors x and y, denoted by arg(x, y), is defined to be arccos(x, y)/(|x|[y]),
where the function arccos takes values in [0, 7).

We denote the unit sphere {x € R} : |[x| = 1} in R} by § R and the unit sphere in R”
{xeR":|x| = 1} by Sg.

We now state some basic analysis in R}. The readers can find the details about the
results we list here in [BDS] and [DSS].

The differential operator D = Dy + D, where Dy = %, and D = }}_, [,—?Ckek, applies to
C'—functions f and gives

o Ofs
Df ; an erés
and also
fD = Z aﬁesek, where f = Zfses.
= 0 S

In polar coordinate system the Dirac operator D can be decomposed into
1 1
szar—;8§=§ 0,—;1},

where I is a first order differential operator depending only on the angular coordinates
known as spherical Dirac operator (see [DSS]).

A C'—function defined on an open subset of R"*! with values in R, or Cy, is called
left monogenic if Df = 0 and right monogenic if fD = 0. All real analytic functions f
defined in domains in R” have both left- and right-monogenic extensions to domains in
R"!. These two extensions coincide if and only if Df = £D, so they coincide if f is scalar
valued.

One basic example of both left- and right-monogenic functions is the Cauchy kernel
which is defined by E(x) = X/|x|"*! on R7\{0}. By this kernel, we can define the Kelvin in-
version I(f)(x) = E(x)f(x~"). This operation preserves the monogenicity of the functions.
Take the unit sphere Sg» for example, for f is a monogenic function defined on the interior
of Sgrr, I(f) is also a monogenic one defined on the exterior of Sg». It is easy to see that
()| < |f(x)l/Ix*. In Clifford analysis, after getting the estimate of f on the interior
of Sy, we often apply the Kelvin inversion to get the related estimate on the exterior part,
and vice versa.
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3. A CLASS OF FOURIER MULTIPLIERS GENERATED BY THE MONOMIAL FUNCTIONS IN R’ll

In this section, we consider a class of Fourier multipliers which are dominated by a
polynomial in some domain and then estimate the kernel of the singular integrals associated
to the multipliers. We achieve this goal by the generalization of Fueter’s theorem which
is obtained in [Sc] and [Q4]. The basic idea is construct a relation between a set O in the

_)
complex plane C and the one O in the n+ 1 dimensional space R, and hence one can study

the functions defined on B by the results which have been established on O.
We begin this method with the definition of intrinsic sets.

Definition 3.1. (i) A subset O in the complex plane C is said to be intrinsic if it is sym-
metric with respect to the real axis, i.e. O is invariant under the complex conjugate.
(ii) A function f? is said to be intrinsic if the domain of f° is an intrinsic set in C and

£0(z) = f°(z) within its domain.

Functions of the form 3 cy(z—ax)¥, k € Z, ay, c; € R are intrinsic functions. If f = u+iv,
where u and v are real-valued, then f° is intrinsic if and only if u(x,—y) = u(x,y) and
v(x, —y) = —v(x,y) in their domains.

We consider R as n + 1 dimensional Euclidean space and define the intrinsic sets in R
as follows.

Definition 3.2. A subset in R} is said to be intrinsic if it is invariant under all the rotations
of RY, considered as n + 1 dimensional Euclidean space, that keep the eq-axis fixed. If O is
a subset in the complex plane, then in R7, one defines an intrinsic set

—

O ={xeR]: (x,1x) € 0},
which is called the induced set from O.
Definition 3.3. Let f°(2) = u(x y) + iv(x, y) be an intrinsic function defined on an intrinsic

set U c C. Define a function f £ defined on the induced set U as follows:

_)
FOx0 + %) = ulxo, 1x) + |—)_C|V(Xo, 1x]),

which is called the function induced from f°.

We denote by 7 the mapping:

N
T(f()) — k’;IA(nfl)/Zf()’

where A = DD with D = Dy —Dand k, = (21’)"’11"2(%) is the normalizing constant that

makes 7((-)"!) = E. The operator A" D/2 is defined via the Fourier multiplier transform

on tempered distributions M : &’ — &’ induced by the multiplier m(&) = (2nil¢])"!,

Mf = R(mF f),
where

7€) = [ &9 s
Ry

and

Rh(x) = f e O p(&E)de.
-

The monomial functions in R are defined by

PP = 2(()*) and P&V = (P, k e 7,
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where I denotes the Kelvin inversion I( f)(x) = E(x) f(x™1).

In [Q5], Qian gets the following proposition, which generalizes the relation between the
Cauchy kernel % in the complex plane and the Cauchy kernel in Rf.
Proposition 3.4. ([Q5]) Letk € Z*. Then (1) PV (x) = E(x); (2) P7P(x) = %(%)’HE()C);
(3) PP and P&V are monogenic; (4) P70 is homogeneous of degree —n+1—k and P~V
homogeneous of degree k — 1, (5) For ¢, = f_o;(l + 2" *+D2 gt we have

—k 00 -k .
cnPfH)(xo +x1ep+ -+ Xp_1€4-1) = f P,(l )(x)dxy;

—00

(6)PR = I(P*V); (7) If n is odd, then P¥™V = 7((-y"**2).

In our analysis, we need the following sets in the complex plane. For w € (0, ), let

Sos = {z € C:larg(xz)| < w} with the angle arg(z) € (—n, 7],
Sealm = {z €C:|Rezl<m, z€ Sﬁ),i},
Se, = S US,_and Sg(n) =S8, (m)US;, _(n),
W..(m) = {c€C:[Rezl<mand + Imz>0}U S (),
H., = [c=explin) € C.ne W, ()
H, = H, NH,_.
We define the Fourier multiplier in the following function spaces
K'(Hg,.) = {zj)o : H,, —C, ¢° is holomorphic and
l¢°(2)] < L inevery H.,, 0 <pu < w},
TR H,

K'(H) = {¢": H, > C, ¢ = ¢"" +¢°7.¢"* € K'(H,, )}

C
e

H(SG,,) = {b : §g,+ — C, bis holomorphic and |b(z)| < C,lz £ 1|* in every S O<u< a)}
and

H'(SE) ={b: S& - C, by = byjecusresso) € H'(SE,,)}.
By Fueter’s method which we state at the beginning of the section, we will work on the

“heart-shaped” regions and their complements.

Set
(1n|x)) ——
Ha),j: = {X € RT : m <tanw, = HZ),j:’
1 —
H, = H,,NH,_ =3{xeR]: InA<tan¢u =H;.
’ ’ arg(eq, x)

Therefore, the corresponding function spaces in R} are
C
K°(H,.) = {q) : Hyr — (C(n),(p is monogenic and |p(x)| < ﬁ, xe€H,,, 0<pu< w}
and
K'Hy) ={¢p: H,—>C", ¢ =¢" +¢", ¢" € K'(H, )}
Now we consider the multiplier b € H*(S¢, ). At first we prove the following lemma,
which gives an estimate of the jth derivative of an intrinsic function ¢°.
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Lemma 3.5. Suppose b(z) € H*(S, ). For the multiplier defined by ) = pa b(-k)z ¥,
its jth derivative satisfies

() (z)] <

where z € Hy, _, 0 < p < w, and j is a positive integer.

|1 _ Z|x+j+1 ’

Proof. Without loss of generality, we can assume |b(—k)| < |k|* for b(z) € H*(S¢,_). The
case j = 0 was treated by T. Qian. In [Q3], the author proves that for ¢°(z) = Y22, b(—k)z7¥,

16°(2)| <

- |1 — Z|s+l .
We will use the same method as in [Q3]. Take the circle C(z, r) with the center z and the
radius 7. By Cauchy’s formula, we can get

. C; 0
|(¢O)(/)(Z)| < Z;f Muﬂ

Cer 12— €Y

Letting r = %ll — 7|, then & € C(z, r) implies

1 1
1-d>l-2d-l—-&=1—-2d-=11-2==1-2
N=€é>21-zl-z=&=1-2 2| 7l 2| Z|

Hence we get

: 2j!C 1 1
0y()) e — R —
(6@ < o Tt ~ A< G
This completes the proof of Lemma 3.5. O

The next lemma is a useful tool used in the proof of our main result in this section. By
this lemma, we can estimate the multipliers in K*(H,, .) by an inductive argument.

Lemma 3.6. ([Q5], Lemma 1) Let f°(z) = u(s,t) + iv(s, t) be function holomorphically
defined in a relatively open subset U of the upper half complex plane. For | = 0, denote
uy = uandvy = v. Forl € Z*, denote

1 Ou,—
M/ZZZ? il

ot 7 :215(7)'

ovi_1 1 _ 0 v_
andw:y( Vi-1 Vll) Viei

Then we have
I X
A (%) = wy(xo, |x]) + mw(x(), |x])-

Lemma 3.6 enables us to estimate the kernels of the multipliers which are generated by
functions in H*°(S¢,) and spherical monogenic functions.

Theorem 3.7. For s >0, if b € H*(S¢, ,) and ¢(x) = Y b(k)P®(x), then ¢ € K*(H,, +).

Proof. Following Qian’s idea in [Q5], we divide the proof into two cases according to the
parity of n.

Case 1. nis odd: We assume n = 2m + 1 and restrict our discussion for x = 1. By
Lemma 3.6, we only need to estimate u; and v;, separatively. There exist two subcases to
be considered.

Subcase (1.1). |x| > (6(u)/2"™+/2)|1 — x]. In this case, we let z = xo + i|x|. x ~ 1 implies
z= 1. We can write z = s + it with s = xp and # = |x| and get t = |x| = |1 — z|.

For [ =0, u; = up = u and v; = vo = v. By the estimate of ¢, we have

1

<lgol € =———.
|M0|, |V()| = |¢0| = 60(/.1) Il _ ZIs-+-l
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For/=1andt = |l — z|, we can get

Y P E S N
'”l"’ AT T ek
1 dvy ) 1 1 1 1 1
'V1'='7 a2 S g TR T g

Because A'¢(x) = u;(xo, |x]) + évl(xo, |x[), we have

|A' ()| < |uer (xo 1xD)| + V1(XO,|X|) Tk

Repeating this method m times, we can get, for u,, and v,,,

1
st (O, Vi (X)] S |1 — z]s+2m+l1 - [1—z+s”
Subcase (1.2). |x| < (6(u)/2"*/?)|1 - x]. Points x in H,, _ satisfying x ~ 1, xo < 1 belong to
Subcase (1.1). Therefore we assume xy > 1. In the following we will prove the following
claim: forz=s+it~ 1,s>1,z€ H, _and [f| < (6(u) /2121 — z]), then (1) the functions
u; are even functions in the second variable ¢.
(2) the jth derivations satisfy

C,.C2Y¢C; 1
52+ 11— Z|2!+j+s+1 ’

o/

%u,(s, t)‘ <
where the constant C; is

3.1 3 (j+4D!, jeven,
(3.1) Tl (+5D, jodd.

We prove the above two conclusions (1) and (2) by means of induction on I. Clearly for
! = 0, by Lemma3.5, we have

o/

@Mo( s, 1),

J! 1
() |1 = gjirsl”

Now we assume (1) and (2) hold for 0 </ < m—1. Because u;,; = 2(I+ 1)(1/)(0u;/0t)(s, 1)
and the assumption that u; are even, u;,; is an even function. This verifies (1).

For (2), we consider the case j being even first. By the definition and (1), du;/0t is an
odd function in the second variable . We can get

aﬂ

l -vo(s, )' 9, t)‘

ou 52k+1
7 0 = Fr .0 =
By Taylor’s expansion, we have
20+ D[ 1 0y % 1 02y, i
) = ,0)t 0)r2<+!
“ie1(5,1) ‘ (Z @it o &0 Z(2k+1)' a8 0

62k+1

1
- Z(Zk)' o L(s, 0y,
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2% L\
Let k = j/2 + k’ and notice that (6‘1 Z‘) < (2+—,/2) . We get

QK= 1) Qk=j+ )P
P u1+1(s nl =120+ 1)kz;2 kT D! i (5,0)2
J
2k N2k -D---2K +1)C,C 2!(2k’+j+2)(2k’+j+2+4l) tgk/

< 2(1+1)Z( TP+ D @K+ D Cul il R
=0 (2k,+,]+1)' Gk ++ |1_Z| +2K"+ j+2+5+

C,.C210 (G 2k+2+4D) -2k +2)

< 2+ 1)62(1+1)+j|1 — ZPUrDjL4s Z ok .

By an estimate of Qian ([Q5]), we get that the series in the last inequality converges and
satisfies

Z(}+2k+2+4l)--~(2k+2) <21 4 4]+ 4y,

k
k=0 2
Finally we have
/ Cﬂclzl(j+2) j+41-1
@um(s, nl <200+ 1)62(’+1)+J|1 — Z|2(l+1)+j+1+32J (+4l+4)).

Now we estimate g—;jum (s, t)' for the odd j case. Similar to the proof for the case j being

even, by using Taylor’s expansion, we have

N 22k+2
2k(k — 1)+ 2k + 1 — j) o%+ o0y,

Jj =5}
a—.up,l(s, =201+t Z

ot/ o 2k + 1)! Or2k+2
)
Let 2k — 1 — j = 2k’, we have
o7
EMHI(S’ 1))
< el o (2k + j+ 1)(2k + j) - -+ (2k +2) CuCR2'F3D Q) + 3+ j+ 5!
- ¢+ )tZ 2k + Jj+ 2)! §2(2k+3+)) 1 - Z|21+2k+3+j+s+1
t 1 C#C12’(f+3)
< 20+ 1)(6” — Z|) G2 D] |1 = U+ jrs+d
o 2k + j+ DRk + j)---(2k +2) S % .
25( — 2) Qk+3+j+5)!
= 2k +j+2)! 2+/
! 1 Cﬂclzl(j+3) #5144 )
< 20+ 1)(6|1 — zl) ST ] = P 27 + 51+ 3)/2)!
Let j = 0 and [ = m, we have
C,Co(4m)! 1 C
m(S, D < < .
|M (S )| 62m |1 _ Z|2m-+-s+1 |1 _ Z|n+s

Now we estimate v,,,. As before, we divide the discussion into two subcases.
Subcase (1.3). |x| > (6(/1)/2’””/2) When [ = 0, by noticing that |f| ~ |1 — z|, we have

2j1Cy
vols. 0] = (s, 0] S s For I = 1, because [(¢°)/(2)] < 5 o

we have

20, ( 11 1 1 1
(s, 0] < =~ + <C .
Pas. o) 6(#)(|1—z|2”|1—zl Tz ) S i gm
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Repeating this m times, we have

1 C,

|Vm(S, t)| s C/‘ |1 _ Z|2m+1+s = |1 _ Z|n+s !

Subcase(1.4). |x| < (6() /2™ 2)|1 — x|, whence we can assume xy > 1. We have for
0<I<m,

Claim (1). vi(s, t) is odd in the second variable z. In fact for I = 0, vo(s, £) = Img¢°(s, 1).Because
?°(z) = 2, b(=k)z 7k, we have

$°@ = ) b(-kz " = > b=k = ¢(2).
k=1 k=0

Let ¢°(z) = u(x,y) + iv(x,y) with u and v being real, then

M(X, _y) + iv(x, —)’) = u(x,)’) - l'V(x,)’) = M(&)’) - iV(xu)})'

Hence v(x, —y) = —v(x, y), that is, vy is odd.
Forli=1,v, = 2(%(%“) is odd because the function (vy/f) is even. We assume that v; is
odd for 0 <! <m— 1. Thus

% 2 ) is also odd .

This proves Claim (1).
Claim (2). For 0 <1 < m,

C,CiC;j! 1
o) 11— Z|2l+j+s+1 ’

o7
%v,(s, t)‘ <

where the constant C; is defined by

(j+5D!, for jeven,
f‘{(j+41)!, for j odd .

For simplicity, we only prove the case for j odd. When / = 0, the estimate

o/

Cc,Cij! 1
Svols0f < = 17

(6/) |1 _Z|j+s+1

<

is justified by that of |(¢°)|. Because v;(s, ¢) is odd respect to the second variable, (3*v;/0t*)(s, 0) =
0. By Taylor’s expansion, we have

(s,0).

Il 1 1 e Oy
V]+1(S,t) = 2(l+ I)I_ZZ((ZIC)' - (2k+ 1)')t " 6t2k+1
k=0

Let k = k' + 1 and write k = k’, we get

6le+1
ot/

& 2%k +2 2k+3 )
(s,1) =20 + 1)2 *2 9 5,002k + 1)+ - 2k + 2 — 1=
k=0

C1 2k + 3)! 92K+
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We assume that Claim (2) holds for 1 < < m — 1. Let 2k — j = 2k, we have, by the fact
that t/(8]1 — z]) < 270m+1/2),

Fvi 5,0 < 1)2 2KH2 k1) @k 2— ) P —L(s,0)| A4+
o V= Ok + 3)v P\ g
1 21+ 1
< 2(l + 1)2m+1/2 52(l+1)+j |1 _ Z|2(l+1)+j+s+1
i Qk+j+3+5)---Qk+j+dC2k+j+2)---(2k+2)
- .
k=0 2
This proves Claim (2).

Similarly we can prove the claim for n even and get the desired result. Taking j = 0 and
[ =m, we get

C;t Cm (4111) ! 1 Cu,é
m(S, )| < < .
|V (S )| 62m |1 _ Z|2m+l+s |1 _ Z|n+s
Now we are ready to study the multipliers defined on the domain S¢,,. By the Kelvin

inversion, we estimate the function ¢(x) = 3,2, b(i))PD(x) for b € H* ’(S &) - We have

1)) = Y biP (),

i=—1

where b(z) = b(-z) € H*"(S¢, ). Since I(¢) = 7(¢°), where

¢’2) = Z b(i? " = - Z b(i)? € HSE,

i=—1 l——l
we have ¢(x) = I*(¢) = E(x)I(¢)(x™") and
G, G

| |n 11— —1|n+s - 11 _x|n+s'

o)l = |[E@I(@)(x)] <

c c 2 2\1/2 tan v :
Because x € H, , = Hy ,, we have (xo, |x]) € H;, and |x] = (x5 +x[7)"/* < 1+€"“"”. Finally

we get |[¢(x)| < C, /|1 - x|"*5. This completes the proof of Case I.
Case 2. n is even. As above we only need to estimate the the kernel ¢(x) defined on
H, . Let b € H*'(S¢, ). Consider ¢(x) = X2, b(—k)ngk)(x). Because n + 1 is odd, we

have

() = ) b(—k) f PG+ X1 €)X
k=1 -
< f ! d
S ¢ Xn
N N P
1 fm |l - x|d( Gn:)ld)
- 1 = xln+s ntlts
| | 0 (1 + (Gn+}l€l)2) 2
C
11— x|n+s'
This completes the proof of Theorem 3.7. O

The following corollary can be deduced from Theorem 3.7 immediately.
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Corollary 3.8. Let s > 0, b € H'(SC)) and ¢(x) = (52, + X )b()PD(x). Then ¢(x) €
K°(H,).

For the case s < 0, there exists a similar estimate for the function ¢(x) as the one given
in the above theorem. In the following theorem, we prove that the conclusion in Theorem
3.7 also holds when the spatial dimension 7 is odd.

Theorem 3.9. For s < 0, b € H*(S(,.) and ¢(x) = ,f;’f;lb(k)P(k)(x), we have ¢ €
K*(H, +) when the spatial dimension n is odd.

Proof. Because the index s is negative, we can not directly apply the method in the proof
of Theorem 3.7. Precisely, for s < 0, the term |z|* is unbounded when z is near the origin.
Therefore after obtaining the estimate of the function ¢°(z) on the domain § &> we find
that the Kelvin inversion method is not applicable to get the corresponding estimate on
S

To deal with this case, we estimate the function ¢(x) on H, , and on H,, _, separately.
On the domain H,, _, the estimate of ¢(x) is the same as that of Theorem3.7. We omit the
detail.

For the domain H,,, because the Kelvin inversion method is not valid, we need to
estimate the intrinsic function ¢°(z) on H¢, .. To achieve this goal, we apply the following
Fueter’s result (see (7) of Proposition 3.4 ):

If nis odd, then P*=V = 7((-y"**=2), where the mapping T denotes the operator 1(f°) =

- - M
APV £ with fO(x) = u(xo, |x1) + fv(xo, ).
Now we complete the estimate of ‘the kernel #(x). We assume b € H™(S¢, ) and
consider ¢(x) = Y52, b(k)PP(x). By Fueter’s theorem, we have

9(x) = A"¢(xo, |x), where 9°(2) = > b(k)Z*".
k=1

For convenience, we write ¢0(z) = z”’1¢(1)(z), where ¢(1)(z) =Y b(k)z~. By a result of T.
Qian in [Q1], for b(z) € H*(S, ),
¢9(2)] <

- (4
TS where z € H, ..

Then we have

Co
11 _Z|1+s - 11 _Z|1+s’
where in the last inequality, we used the fact that the function |z|""! is bounded in the
domain H, , . Therefore, repeating the procedure used in Theorem3.7, we can deduce the
estimate of the induced function ¢(x) by that of the intrinsic function ¢°(z) obtained above.
This completes the proof. O

16°2)| < JzI"!

As a direct consequence of Theorem 3.9, we have

Corollary 3.10. For the spatial dimension n being odd, the conclusion of Corollary 3.8
holds for s < 0.

Remark 3.11. In next section, we will see that if b € H*(S{)), s > 0, there exists a holo-
morphic function b;(z) such that |b,(z)| < C,, and

o(x) = l"é‘qbl(x) with s; = [s] + 1,
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where ¢; is the kernel function associated with b; in Theorem 3.7. However, by the above
method, we can only get the estimate:

C
< -
BN < e

which is not as accurate as that in Theorem 3.7.

4. L” BOUNDEDNESS OF THE HYPERBOLIC TYPE FOURIER MULTIPLIER

In this section, we consider a class of Fourier multipliers on starlike Lipschitz surfaces.
A closed surface X in RY is said to be starlike Lipschitz, if it is n—dimensional and star
sharped about the origin, and there exists a constant M < oo such that for x;, x; € Z,

|1n |xl‘1 x2||
arg(xy, x2)
We denote by N = Lip(Z) the smallest constant M that makes the above inequality holds.

For s € Sgs, we define the mapping r; : x — sxs~! for x € R?. The following lemma
will be used when proving Theorem 4.5 below.

Lemma 4.1. ([Q5], Lemma 3) For any x,y € R, we have (1) Irs(y’lx)l = [y~ x| and more
generally, rg preserves norms of the elements in R" that can be expressed as a product of
vectors; (2) (ry(x), ry(y)) = (x,y); 3) arg(ry(x), rs(y)) = arg(x,y); (4) (r;(y)'re(x) =
rs(y"'x); (5) There exists a vector s € SR? such that r,(y™'x) = [y|"'x, where ¥ € RY;
Moreover, |x — y| = |lylep — X| and arg(y, x) = arg(|yleo, X); (6) For the same s as in (5) we
have r{(E(y)) = E(y), where E(y) is the Cauchy kernel Iy\L*‘

By (1) and (5) of Lemma 4.1, we can prove if x" and x belong to a starlike Lipschitz
surface with the Lipschitz constant N, then

(lln |x’1x’|| / arg(x, x’)) = |ln ||x|’15c|| Jarg(l,|x]"'%) < N,

that is, |x|'% € H,. This gives a relation between the sets H,, and starlike Lipschitz
surfaces.

We denote by M the finite dimensional right module of X homogeneous left monogenic
functions in R and by M_ 4, the finite dimensional right module of —(k+7) homogeneous
left monogenic functions in Rf \ {0}. The spaces M; and M_+.,) are eigenspaces of the
left spherical Dirac operator I':. We define

Py f— Pi(f)and O : f — Ok(f)

the projection operators on M and M_ ), respectively.
The Fourier multipliers are defined on the following test function space:

A ={f: f(x)is left monogenic in an annual p — s < |x| < [ + s for some s > 0} .

For f € A, in the annuals where f is defined, we have the Laurant series expansion
F@ = DT PUH@ + ) O,
k=0 k=0
Here we have used the projection operators P, and Q; given by

1
PUA) aﬁwwmhﬁmmwmmww

and Qr(f)(x)

1
ELMM%TMﬁm%WMMWM
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where x = |x|¢, y = [yl and n(y) is the outward unit normal vector field of X at y. Here
C;H (& 1) and C;+1 (& ) are the functions defined by

CraémT— [(n+k DCYRgm) + (1= mCH P g g ) - En)

and

Croaxm—r [(k + DCERED) + (1= mC PP, )0, £ - 7))

where C} is the Gegenbaur polynomial of degree k associated with v (see [DSS]).

Now we give the definition of the Fourier multipliers on a starlike Lipschitz surface X
induced by the sequence {b;}, where b, = b(k) are from a function b(z) belongs to H*(S¢).
We see that the kernel functions ¢(x) obtained in Theorem 3.7 satisfy |¢(x)| < C, /|1 — x|"**
for s > 0. The regularity index s indicates that we may not define the multipliers for
f € L2 (Z) as the classical Cauchy integrals. In order to compensate the role of s, we need
to restrict our multipliers into some subspaces of L*(X). Hence we define the following
Sobolev space on the starlike Lipschitz surface X.

Definition 4.2. Let s € Z* U {0} and X be a starlike Lipschitz surface, define the Sobolev
norm || - ||W§”“(z)7 I <p<oo,as
£

I sy = ||f||u<z)+2||r ey

Jj=0
The Sobolev space associated with the spherical monogenic operator Iy is defined as the

—IFllyps
closure of the class ‘A under the norm || - IIWp (2): that is, A e ®

Now we give the definition of the Fourier multiplier operators. By Definition 4.2, A is
dense in WI’ZS. When defining the Fourier multiplier operators, we assume f € A in the
next definition.

Definition 4.3. For {b; };c7 is a sequence which satisfies |by| < k*, we define the hyperbolic
Fourier multiplier M, as follows

Mo f () = ) BPiHE) + Y st Q(H0).
k=0 k=0

Remark 4.4. When X is the unit sphere, if we take two sequences {bl({l)}, b,(cl) = k% and

{b,(cz)}, bf) = k, our Fourier multiplier defined in Definition 4.3 retreats to the boundary
values of the photogenic Cauchy integral in the hyperbolic unit sphere which was studied
in [E, Chapter 6]. See Example 1.1.

Now for k > 0, we define

POG™ ) = Iyl Cry g6 and PTRGT) = TG (€
Then the projection operators Py and Oy can be represented as

1 -

PH) = & fz POGTOEGMNG)f()do(y);
1 -

QW = g [P DEOMO ).

If we denote by ¢(y~'x) = 3% by P¥(y~!x) the kernel functions of the multiplier opera-
tors My, in Definition 4.3, we get the following estimate.
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Theorem 4.5. Let w € (arctan(N), 7) and b € H*(S¢,). Then the kernel function O ' E(®)
associated with the sequence {by} in the manner given above is monogenically defined in
an open neighborhood of L X X\ {(x,y) : x = y}. Moreover, in the neighborhood,

@w%mu

— y—1x|n+s :

Proof. The proof of this theorem is similar to that of [Q1, Proposition 7]. We omit the
detail. O

For f € A, the above introduced multiplier M, is well defined. For b € H*(S¢)), we
consider the multiplier M/, by )( f)(x) which is defined by

M, () = Y BP0 + D b1 QO x), p—s <lal <D+,
k=0 k=0

where x€e X, rlandr < 1.

We denote by M, and M, the two sums in above expression of M(’ be)" Because b €
H*(S¢), b is bounded near the origin and |b(z)| < [z|°* when |z| > 1. We deduce that |b(z)| <
|zI* < |z|** when |z] > 1. Hence b € H*(S¢) for s; = [s] + 1. We write b1(z) = z7*'b(z) and
see that [b1(z)] < [b(2)/z"'| < C implies by (z) € H*(S¢)) which is defined by

H®(S,.) = {b: S, — C: bisholomorphic and satisfies
Ib(z)] < Cyinevery 7., 0<v<u},

and
Hm(S;) = {b : S; - C: bi = bX{zeC: +Rez>0} € HOO(S;’i)} .

where the sectors S and S .
For My, |br| = |b(k)| < k%', we take b;(z) = z7%'b(2). It is easy to see that b;(z) is also
holomorphic in S,. Then we have

M=;mmmm=;mWﬂmmx

where by = bi(k) = k&] . Because the spaces M is the eigenspace of the left spherical
Dirac operator I's, we have I'sPr(f)(rx) = kP(f)(rx) and

M=Zm@%ﬁMWJAmewwﬂ.
k=0 k=0
According to a result of [DSS], we give another expression of Pi(f).

Pr(f)(x)

1 -
—fwwwmmmmmm
- LZVWW@WMWW)

lal=k

where we used the Cauchy-Kovalevska extension

POGTOED) = ) Va(IWa(),

lal=k
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where Vo (x) € My and W,(y) € M_,_« (see [DSS, Chapter 2, (1.15)]). By the above
relation, we have

LePr(f)(x)

1
ol DA LAYt

% Jal=k

1
- fz D V() Wa0)n()f 0o (y)

lal=k
I K
= & 2% Vo014 k= DWe 5 f()dr(y)
k
= oo f 3 Vo (T, W0 ) ).

% Jal=k

Because of the fast decay of the Fourier expansions of functions in A, we have, by inte-
gration by parts,

My = Y bk Pu(f)(rx)
k=1
o0 X . & .

- k o rr 5
Z bi———3) ‘Q—n f Z Vo ()W ()T H)()do(y).

k=1 % o=k

k
n+k-2

Because Iblyk(,ﬁkﬂ)“l < C, if we denote by (
integral expression of M as follows

)’ by by, again, we get the singular

- 1 - ,
M, Zbl,kg— fz P ) EGn(y)([3) f()dor(y)
k=1 n

1 - .
= Q_ i [Z b],kPk(ylrx)] E(y)n(y)(l"f]] f(}’))dO'(y)
" k=1

1 -
= o fz $107 rOE@nG)T f3)do(y).

Similarly, for the term M,, by the Cauchy-Kovalevska extension again ([DSS, Chapter II,
(1.16)]), we have

My = b QHE )
k=0

b_ 3 k 1 S1 1 o —
= (;) [ 3 Walr Ok Vo) f ) ()

pary (k+ 1) k Q, Js &
_oN0 b (k1)1 -
) ; (k+1)n ( k ) Q, L ‘;‘k Wa(rm )@ V) 0In()f ()dor(y)

S by (k+1\" 1 o )
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As before, we still write the term
expression of M, as follows

(lf;kf)il (%)sl as b_j_; and get the the singular integral

My, = Zb . f P BT AN ()

= [Zb e PG ‘1x>) EGn)(T) H»)do(y)
z

k=0
= = f G0 r DE@R)T f(3))do(y).

Finally we rewrite the multlpher M A )( F)x) as

My (F)(x) = lim — f (@167"'rx) + a7 O E@nOTL N)do(y),

where we have used the fact that the series defining M; (f) uniformly converges as r — 1-
for f € A.
We get the following boundary value result for M,(f)(x).

Theorem 4.6. Ifb € H°(S ") then for f € A and x € X, we have

Mg, (f)(x)

lim 5 [[@07'r0+ 07 EGROT N0X)

r—1- Q)

1
= lim —{ f (1" x) + ¢2(y_1x)]E(y)n(Y)(r? Hydo(y)
-0 Qn [y—x|>&,yeX ’

+ (B1(&,X) + gale, X)) f()).
Here

$1(e, x) = fs )é?(y“x)E(y)n(y)da(y)
(&,x,+

and <2>'z(ax)=f 507 DEGNO)do (),
S(ex,—)

where S (¢, x, £) is the part of the sphere |y — x| = € inside or outside ¥ depending on the
index of ¢; taking i = 1 ori =2.

Proof. The proof of this theorem is similar to that of the classical Plemelj formula for
Cauchy integral. For simplicity, we only consider

lim /= lim =~ f 107 PIEMRO)TY HOI().

r—1- r—1-

Another integral can be dealt w1th similarly. For a fixed & > 0, the above integral / can be
divided into three parts as follows:

1 — .
I= o f 6107 BT F))do(y)
n Jx

1 —
= o G157 rOEM)TE H)do(y)
n Jyex |y-xl>e i
1 —
M G167 rOE@RMITE H) = T HEldo(y)
n Jyex|y-xl<e
1 ~ .
t 5 $107 rOE@nm)do(y)(@y )

Q, YEL[y-x|<e
= L+hL+15,
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where the symbol I'¢ f(y) denotes the spherical Dirac operator I's which operates on the
variable 7 of f with y = [y|n.
Let r — 1—, the term /; tends to

1 —
. $17 DE@R)IT (0o (y).

S_2n yeX [y—x|>¢
For the term I, because f € A implies F;;‘ f is a Lipschitz function, we have

i fim 1> = lim fiy [ BT EE@OITE HO) = (T o) =0
YEXI |y—x|<e

e-0r—>1- r—1-&-0

At last we estimate the term /3. By Cauchy’s theorem, for fixed £ > 0, we have

lim 75 = lim G167 IOE@RdT0)T (%) = d1(e, )T F(x).

r—1- r—1- YEL |y—x|<e

This completes the proof.
O

We obtain the L? boundedness of the Fourier multipliers by the Hardy spaces of mono-
genic functions on starlike Lipshcitz surfaces. This idea was pioneered by R. Coifman and
Y. Meyer in [CM] and used by T. Qian in [Q2], [Q3], [Q5].

As an useful tool in the research on the boundary value problem on the non-smooth
domains, the theories of Hardy spaces on Lipschitz curves and surfaces have attracted
the attention of many mathematicians. In the 1980s, D. Jerison and C. Kenig consider
the complex variable case in [K], [JK]. In M. Mitrea’s book [Mi], the theory of Clifford
monogenic Hardy spaces on higher dimensional Lipschitz graphs is introduced.

Let A and A® be the bounded and unbounded connected components of R} \ Z. For
a > 0, define the non-tangential approach regions A, (x) and A{(x) to a point x € X to be

Ag(x) ={x €A, |y —xl < (1 +a)dist(y,X)}
and
A(x)={yeA’, [y—xl <+ a)dist(y,Z)}.
Let f be defined in A ( A°). The interior (exterior) non-tangential maximal function N, (f)
is defined by
No(f)(x) = sup{ If )] : ¥y € Aa(X)(y € Ag (X))}
For 0 < p < oo, the Hardy space HP”(A) (HP(AC)) is defined by
HP(A) {f : f is left monogenic in A, and N,(f) € L7 (2)},
HP(A®) = {f: fisleft monogenic in A°, and N,(f) € L (Z)}.
The theory of the monogenic Hardy space in [Mi] implies that for p > 1, the H?(A) norm

of a function is equivalent to the L” norm of its non-tangential limit on the boundary. A
similar conclusion holds for the space H?(A°). Precisely, if f € HP(A) for p > 1, we have

Cillfllzeay £ Wfllzry £ Callfllprcay-

If f e My withk # -1,-2,---,—n + 1, we have I': f(£) = kf(£) because My is the
subspace of k—homogeneous left monogenic functions. For f € A, we define I'(f |r) to be
the restriction on I of the monogenic extension of I's(f | Sy ), then the definition of I's can
be extended to I’y : A — A.

It is well known that, for p = 2, the above Hardy spaces H*(A) and H>(A°) have an
equivalent characterization of the higher order g—functions. Taking H?(A) for example,
we have
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Proposition 4.7. ([Mi], [JK]) Suppose that f € H*(A). Then the norm ||f llg2(a) is equiva-
lent to the norm

! i 2 : ds 12
(f f'(l"éf)(sx)’ (l—s)z-’_ldO'(x)—) =12
0 z S

As two subspaces of L?(), we can prove Hardy space H?(A) and H>(A°) are orthogo-
nal with each other. We state this property in the following proposition.

Proposition 4.8. ([CMcM]) Suppose that f € L*(X). Then there exist f* € H*(A) and
f~ € H*(A) such that their non-tangential boundary limits, still denoted by f* and f~,
respectively, lie in L*(Z), and f = f* + f~. The mapping f — f* are continuous on L*(T).

In [E], D. Eelbode studied the boundary value of the photogenic Cauchy transform
C4 on the hyperbolic unit sphere. The occurrence of the factors kK2Pi(f) and K> Qk(f) in
Example 1.1 implies that the boundary value C§[f] T of C} is not a bounded operator
from L*(S™ ') to itself. As an alternative, if we restrict the functions into some smaller
subspaces of L>(S™~!), we can get the corresponding boundedness.

Now we give the main result of this paper.

Theorem 4.9. Let w € (arctan(N), 3). If b € H*(S¢),s > 0, then with the convention
b(0) = 0, the multiplier defined in Definition 4.3 can be extended to a bounded operator
from W2 () to L*(T), where s1 = [s]. Moreover, for the operator norm of the multiplier
I+ llop» we have

1M papllop < C Jarctan N < v < w.

*llzeess)
Proof. Because f € Wésl(Z) c L*(%), by Proposition 4.8, we have for such a f, f =
f*+ f~, where f* € H?*(A) and f~ € H?(A°) such that

152w < Cullfllwes sy
By linearity and Theorem 4.6, we can My(f) = My+ f+ + M- f~ where

My-f*(x) = lim f G+ (r'y L OEGnG) f()do(y), x € Z.
Hence it sufficient to prove
IMp: f*llg2 < CNITE £ llge-

We prove the above inequality for the part f* and omit the symbol “ + ” in the sequel for
simplicity. The treatment of f~ is the same as that of f*.
By Theorem 4.5, for b € H*(S¢)), we have

6"l < 1

_ y—lx|n+s :

Therefore we have, by Holder’s inequality,

( f 160" ) H(ny)) [ f 607 IS FO)P “f”]

T Ty

C(f 1 dO’(y)]l/Z (f 1 vl+1f( )lzda'(y)J
s L=y lams yp zwll—y"xl"“

IA

T3 My f ()

IA
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By change of variable, we can get

1/2

1/2
: 1 1 :
™M, < cf d f -ICE f()d ,
U, Mpf()l - < ( S e U(y)) [ T \/;)2+9g]%' e SO do(y)

where the integral in the last inequality satisfies

1 d sin! 6, 1
do(y) < —dby < .
fz[(l—«/i>2+eg]"z“ 7o) fo (= NP+ &5 (1= oy

Hence by the equivalent characterization given in Proposition 4.7, we have

A

: s , dt
A A L R

: 1 1 I+s 2 25141 dt
r d 1= V™" do(x)—
fofz(1-\/;)s[fz[<1-«/i)2+eg]"?' i) cr(y)]( Vi o ()

: : (1- 0 dt
< 1—~1+51 2 f d 1- d. —
< f0f2| (V) ( - v ® O'(x))( Vido ()=

! s 2 dt
= fo fz re AV (1= Vo ;)=
< ||rglf||(l-{2(A),

where we have used the facts (1 — V1?17 = (1 = VH!+*275 < (1 - V'* fort € (0, 1)

and
1 - vp)*
f VD o< (- Vir—— <c
s [(1- ViR + 6% (1- iy
in the forth inequality and Proposition 4.7 in the last one. This completes the proof of
Theorem 4.9. o

For the classical convolution singular integral operators 7, on R", one of basic facts is
the endpoint estimate, that is the weak type (1, 1) boundedness. We call an operator T is of
weak type (1, 1) boundedness on X if the following inequality holds for all 1 > 0,

C
lr e Z: T(HEN > A < —lIflh-

In other words, we say the operator is bounded from L' to the weak type space WL'. This is
also the case on the finite and infinite Lipschitz graphs. We can refer to [LMcS], [LMcQ],
[Q5] and the references therein. By this weak boundedness, we can use the interpolation
theory and the duality of the operators to get the L” boundedness of 7. In the rest of this
section, we study the endpoint estimate of the Fourier multipliers.

Theorem 4.10. Let w € (arg(N),3). If b € H(S.), s > 0 and b(0) = 0. Then the
multipliers My, defined by

Moo () = Y beP( D) + D bt Q)
k=0 k=0

are weak type bounded from WFI:' (2) to WLL(Z), where s1 = [s]
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Proof. For b € H*(S¢), |b(z)| < Clz*, s > 0 for z € S¢,. Therefore, it is natural to get

b
' @ < C with C a constant.

ZS

On the other hand, b € H*(S{) implies b is holomorphic in S¢. Then z7°b(2) is also a
holomorphic function in §,. Now for the Fourier multipliers M), we have

Mgy f(x)

D P + D b1 Q)
k=0 k=0

I+11

For the sake of convenience, we deal with the term [ for example. As before, the term [/
can be represented as

1 -
1=§§1£¢@*nE@mwvme@x

If we write b(z) = z°'b1(2) with b1(z) € H*(S{,), then the corresponding sequence is {b x}
with the elements b; = k*'b; ;. Hence we can rewrite the term 7 as follows

=) bik" PU(F)().
k=0
The kernel associated with M}, , is denoted by #1(y"'x)E(y) and satisfies the estimate
| _ N 5() . ~1
Le(1 7 X)EQ) = Z kb (k)P (y™" x)E(y),
k=1

then we have, by integration by parts,

1 -
= o [reGo e o)
n JX

1 r - s
Z;tf¢my‘wE@momyaﬂ@wa@>
n JX
As before, if we take s = 0 in Theorem 4.5, ¢ (y~' x) satisfies

by o) < ——— .
o1 (y )| < T

Therefore the multiplier M, , comes back to a H* —Fourier multiplier on starlike Lipschitz
graphs and is of the weak type (1, 1) boundedness. Then we have

lixeX: My fOl > )| = Hx €X: My, (I} )] > /l}|
¢
1

IA

rgl f HL' ’
This completes the proof of this theorem. O

At last, we consider the boundedness of the Fourier multipliers for the case s < 0. Let
—n < s < 0 and {b;} is a sequence which satisfies |b;| < k*. We define the Fourier multiplier
operator M, as follows.

M) = ) bePe(H) + ) bkt Q).
k=1 k=1
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Similar to the case s > 0, we can represent this multiplier as

1 —
Mo () = o fE 307 DEGING) f6)do ().

Here x € T and ¢(y~'x) = (I, + 2= )b PO (y~'x), where P® are the polynomials de-
fined by
POG ) = b Cr i)
and
PG = |y L E).

To obtain the boundedness of the multipliers, we need estimate the function ¢(x). By the
method of Theorem 3.7, we can prove the kernel ¢(x) = 37 b P*(x) satisfies

x)| < ——————, where x € H,,,
6001 < = s ;
then for the kernel ¢(y~'x) defined above, we can apply the method of [Q1, Proposition 7]
to get
~ Cly'«f*
-1
X)) < —.
O
For every two points xj, x» on the starlike Lipschitz surface, we have x; Iy, € H,, that is,
there exist two constants Cy, C, such that C; < |x; 'x1] £ C,. Then for every two points
X1, xp € Z, the equality
bl = b x| = balbg 'l
implies Cy|x;| < |x;] < Cy|x;]. In other words, the norms of two points on starlike Lipschitz
surface are approximately a constant associated with X, which is denoted by Cs. Hence we
can get the estimate

Chy 'y 1
|1 — y—1x|n+s W
Clxl*
Cs
|y _ x|n+s .

6O ) E@)n)|

Because the Lipschitz surface X is a special case of the space of homogeneous type, our
Fourier multipliers M, f(x) can be regarded as the fractional integral operators on the
surface X. By the classical theory of the fractional integral in the space of homogeneous
type, we can get the L” — L? boundedness of the Fourier multipliers as follows.

Theorem 4.11. Let —-n < s <0and 1 < p < g < oo with é = % + 2. If b(z) € H'(SE), the
Fourier multiplier on starlike Lipschitz surface defined by

M f) = D BPUH) + D b1 QuH),
k=1 k=1
where by = b(k) is bounded from LP(Z) to L1(X).
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