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A sequence of special functions in Hardy space H2(T#) are constructed from Cauchy
kernel on unit disk D. Applying projection operator of the sequence of functions leads to
an analytic sampling approximation to f, any given function in H?(T#?). That is, f can
be approximated by its analytic samples in D*. Under a mild condition, f is approxi-
mated exponentially by its analytic samples. By the analytic sampling approximation, a
signal in H?(T) can be approximately decomposed into components of positive instanta-
neous frequency. Using circular Hilbert transform, we apply the approximation scheme
in H5(T*) to L*(T2) such that a signal in L(T?) can be approximated by its analytic
samples on C®. A numerical experiment is carried out to illustrate our results.
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1. Introduction and motivation

Let L?(T*) be the space of 2rnZ*-periodic and square integrable functions, where T
is the unit circle of complex plane C and T* is the s-torus, s € N. The inner product
(-,+) in L?(T*) is defined by
1 N s
(F9) = e [ S, Vg € LT,
(2m) [0,27)s

with associated norm || - ||2, where e = (e1, ... '), t = (t1,...,t5) € [0,2m)°,
and dt = dty ...dts. Any f € L?(T*) can be expressed by f(e) =3, ;. f(n)e™?,
where n - ¢t is the Euclid inner product of n € Z° and ¢ € [0,27)°, and
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fln) = (27,)5 f[o om)- f(£)e~ " dt. Plancherel’s Theorem gives us that ||f||l2 =

(X nezs F(n)|?)1/2. The truncated operator + : R — R* U {0} is defined by
z+— 01if z <0 and z — x elsewhere.

In digital signal communication, a signal is usually reconstructed and ap-
proximated by its samples. Wavelet has many applications in sampling theory
211,12,13,14 - Sampling in wavelet subspaces of L?(R®) has been extensively stud-
ied by 16:6:11,12,13,14 and the numerous references therein. Goh, Han and Shen °
recently constructed a special pair of tight frames for L?(T), and investigated their
approximation. Motivated by ?, this paper aims at establishing an analytic sampling
approximation to a signal in L?(T*) by its analytic samples on C*. That approx-
imation originates from a sequence of nonstationary refinable functions in Hardy

space H?(T*), which is defined by
H2(T®) = {f € L*(T*) : f(n) =0,n € Z° \N§}, Ng = NU{0}.

Recall that any f in H?(T*) is the non-tangential boundary value of an analytic func-
tion on D%, where D is the unit disk of C. Precisely, any function f(rie®t,. .., rgefs)
analytic on D* can be identified with f(e) € H?(T*), namely,

f(eit) = lim . f(rleitl, . ,Tseits),

where (r1,...,75) = (1,...,1)—means r; —» 1—, j=1,...,s

Next we turn to our motivation. From the physics point of view, it makes a good
sense to decompose a signal into intrinsic mode functions (IMFs) such as ones of
nonnegative instantaneous frequency 2224827 of which the definition will be given
in Section 3. Moreover, fast approximation is desired for practice. Therefore rational
orthogonal systems in HZ(T), which may meet the two requirements mentioned
above 22, attracted a lot of attention 272025, A popular rational orthogonal basis
for H?(T) is Takenaka-Malmquist (T-M) system {By : k € N} 3451920 which is
defined by

/ 2
Bl(e”) = B{al}(eit) = Ll_iw

— o b
or 1 —apett

t €10,2m)
i 1 /1_|ak|2 6 —a; ) ) )
..... ak}(et): H J

>2
Vor 1 —aget ll—ae“57 =7

(1.1)

with a; € D and 3777, (1 — |a;|) = co. When a; = 0, By, in (1.1) has nonnegative
instantaneous frequency 2. Due to the orthogonality of {By : k € N}, any f €
H2(T) can be reconstructed by

= Z<fa B{al,ag,...,ak}>B{a1,a2,...,ak}(eit)at € [Oa 27T) (12)
k=1
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It is necessary for practical application to estimate the converging rate of series in
(1.2). However the truncated error

f(eit) - Z<f’ B{a17a27~~,ak}>B{al,a2,~~~7ak}(eit) (1.3)

k=1
is difficult to estimate in the sense of || - ||2. Bultheel and Carrette ° estimated (1.3)
under some conditions but in the sense of || - ||1. Apart from 5, to our best knowledge,

there are few results on that problem in the literature. On the other hand, it is not
easy to generalize some results on rational orthogonal basis from H?(T) to H?(T?),
s > 1, about which readers may refer to 26 for adaptive Fourier decomposition
(AFD) in higher dimensional Hardy spaces and in the Clifford algebra setting. Since
the inner product (f, B{a, as,....ar})» ¥ € N, is completely determined by analytic
samples f(aj) 2 J=1..k, Pn(f) = ZZ:l <f7 B{al,ag,...,ak}>B{a1,ag,...,ak}(eit) is
actually an analytic sampling approximation to f. Therefore it is necessary to es-
tablish fast analytic sampling approximation of H?(T?), and furthermore of L?(T*)
from other perspective. Motivated by ?, we shall solve this problem by projection
operator generating from a sequence of special nonstationary refinable functions.
The following concepts and denotations are necessary for further proceeding.

For any k € Ny, let L = {(n1,n2,...,ns) : nj € {0,1,...,28 -1}, 5 =1,...,s},
and d = det(2I;) = 2° throughout this paper. For ¢ € Z*, define the 27¢/2F-shift
operator T{ : H*(T*) — H?(T*) by

TLf = f( 0220 v e HA(T®).

Since f is 2nZ°-periodic, it is sufficient to consider ¢ € L. Our projection operator
is from a sequence of functions {¢;}7>, C H?(T*) satisfying the 2[;-refinement
equation

Pyl = Z P (OT, 10,k >0, (1.4)
LeELyy1

where Pyy1 2 {Pey1(0)}eer,,, belongs to S(2¥11,). Here S(28F11,) is the space
of 2k+1N8—pel“iOdiC complex-valued sequences supported on N§, namely, for any
F = {F(p)}pens € S(2F*1 1), it holds that F(p) = F(p + 2¥*1j), Vp,j € N§. Since
{or}2 o C H3(T*) C L3(T*), (1.4) is equivalent to

dr1(n) = P (n)do(n), ¥n € NG, (L5)
where the discrete Fourier transform Ifk'; = {P/)k;(j)} of Py41 is defined by
Pii1(i) = Yier,., Pria(Qe 272 Clearly Pryy € S(28+11,) if and only
if Py € S(2F11,). Now it is ready to define the projection operator 3 with
respect to the refinable functions in (1.4) by

Br(f) = D Tidw) Ti b, (1.6)

LeLy
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for any f € H?(T*). In next section, we shall construct special {¢y}72, C H*(T*)
satisfying (1.4) such that the inner products in (1.6) can be calculated by analytic
samples of f, and ||f — Px(f)||]2 can be estimated.

2. Analytic sampling approximation and its application in
decomposition of instantaneous frequency

For any = = (z1,...,25) and y = (y1,...,ys) in C*, the operator o is defined by

roy=(T1y1,. .., TsYs), (2.1)

and ||z]] = (32—, |zk]?)'/? is the square norm of C*. A signal f € L*(T®)
has Sobolev smoothness v if ) ;. F)2(1 + [|n|[2)” < oo. Define v5(f) to be
sup{v : f has Sobolev smoothness v}. Clearly vo(f) > 0 for any f € L*(T®).
Sobolev space W (T?) is defined to be {f € L?(T®) : ws(f) > v} with the
norm || f|[wyrs)y = (X hezs F(m)2(1 + [|n]|2)¥)"/2 and the seminorm | flwy Ty =
(> nezs |F(n)[2||n]|2)/2 for any f € W¥(T*). It is straightforward to sce that
[flwy vy < 1F llwy (ze)-

In signal analysis, instantaneous frequency of a real-valued and 2m-periodic sig-
nal s(t),t € [0,27), is defined to be ¢'(t), where (¢) is defined through the analytic
signal associated with s, viz. s(t) +iHs(t) = p(t)e?®). Here p(t)(> 0) and 6(t) are
regarded as instantaneous amplitude and instantaneous phase, respectively, and H

is the circular Hilbert transform defined by

1 2w

()= 5

5PV A

f(z) cot - dgc Vf e L*(T). (2.2)
If 0'(t) > 0, then s(t) and s(t) + iHs(t) are regarded as a real mono-component
and a compler mono-component, respectively. As mentioned in Section 1, it is of
great physics importance to decompose a signal into mono-components 2224823,
22,2423 wwhere we use AFD to
decompose a signal in L?(T) into mono-components. We shall see that a signal in
W¥(T) N H?(T), v > 0, can be decomposed into mono-components by its analytic
samples, with the decomposing series converging exponentially.

Note 2.1. Since the inverse discrete Fourier transform(IDFT) is necessary
for proving Theorem 2.1, we need to formulate it from the perspective of ma-

More details on mono-component can be seen in

trix for fast computation and better programming in Algorithm 2.2. For any
k = (K1,K2,...,ks) € N§ and 1 = (1, p2, ..., s) € N§, we say that £ < p in
the lexicographic order if k., = g, for m =1,...,9 — 1 and k; < p;. The Fourier
transform Pyy1 = {Piy1(v;)} of Pey1 = {Per1(ve)} € S(2FH1I) is given by

Pk+1 VJ Z Pk+1 VE zl/j-27'rw/2k+17 (23)

ve€ELK 41

where {v;} is the ordered set Li41 under the lexicographic order, i.e., 11 < vy <
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... < Vgir1. Now (2.3) can be rewritten as

gk+1 —

. k .
emvi2muy /28T i 2y / Pry1(v1) Pyy1(11)
emive2mva /28T e 2y /28T Prya(v2) Pry1(v2)
= )
e Wart1 2w /2 L oy 2mvgen /25T || B (vgeen) Pyt (vaes)
from which we deduce the IDFT
Pry1(v1) [ emmvi2mn /2 2 /2T T T BT )
Prt1(12) o eiva-2m /25T o2 2my gy /2MF Pry1(12)
= geFT )
Pk-l—l (l/dk+1) e~ Wak+1 2y 2R e~ Wak+1 -271'de+1/2’€+1 P/’k;(ljdwd)
r eiu1~27ru1/2k+1 eiudk+1~27ru1/2k+1 P/k:(yl)
. eiu1~27rU2/2k+1 . eiudk+1~27rU2/2k+1 P/)k;(V2)
_ei”l'z’”’dHl/QHl ei”dk+1'2””d’€+1/2k+l Fk:(l/dk+1)
. (2.4)
. (s k1 .
where we use the relation an:l e i) 2mvn 2N gkt ls. o for any gk €
{1,2,...,d"*1}.
2.1. Analytic sampling approximation
Theorem 2.1. Let ¢o(e™,...,e") = [[5_, mvt = (ti,t2,...,ts) €
[0,27)%. Construct ¢i, k > 1, by
o (n) = Pr(n)go(n),Vn € Nj, (2.5)
where {i’;(n)} € S(2%1;) such that
Pr(m) = d~*/ (2.6)

for any m € L. Then Pr(f) defined in (1.6) can be expressed by

‘Bk(f) — Z Z Z P (6”)Pk (ﬂ)f(a o ei27‘r2*k(Z”+Z’+E))¢O(ei(-72ﬂ'2*k(l+f’))),
LeLy ' eLy U ELY
(2.7)
where a := (a1,...,as) € D®, and {Px(n)} is the DFT of {]/3;(71)} Moreover, for
any f € H*(T*) N W¥(T*), v > 0, there holds
7 2 2
17 = B (F)IE < 1 gz 272 + RS Sl lad P

[£113 s 2k 12
+Hs 1(1_|agk|2) ZE:l |a’f | .
i= j

(2.8)
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Proof. Direct calculation together with the Cauchy integral formula gives us

(f,¢0) = f( et (et et )dty .. dt

S

. 1
= it it ———dt; ... dt,
/Tsfe o) ] oyt

» . 1
— o flar,e®, et [] g dta .. . dt, (2.9)

Ts—1

It follows from (2.5) that

Br(f) = Y (f Tibw)Tidw
LeLy, o ) i
Z Pr(0)Pe(l) f(ao ™ " HEHONTITE
LELLU'ELL U ELY
_ Z Z Z kaw)f(aoeizwzf’c(z”+e’+e))¢0(ei(.,zﬂrk(ue’)))'

LeELy ' ELy L ELY

For any f € H?(T®), it can be proved as ? that 21
Pe(f)(n) = d*Gr(n zzj Fn+2on(n+ 25p),¥n e Ng. (2.11)
By Plancherel’s Theorem, we have
1F = BeDIB = 3 1F6) - PP+ D > 176 +2°0) ~ BulD)G + 25
JELK JELY geN3\{0}

(2.12)
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By (2.11), we get

ST FG) - BN G)?

JELK

= 3" 1FG) - d*on() Z (j + 2°p) ok (j + 2¥p)|?
JELK €Ng

= > 1) D FG+ 2o+ 2
JELK peN3\{0}

SISl I

J€Li peNg\{0}

<G Y Jad e ad e (2.13)
peNg\{0}
s o] okz 2,6&‘ ,
ST Sl | Bl
(= 1qz 1 q5€No,j#L j#E
1
SRS a2 .
=1 g,=1 Hg#( —|a2 1)

2
< 1B Da

where the third identity derives from (2.6) and the period of ]jk:7 the first inequal-
ity from Cauchy-Schwarz inequality, and the second one from

N3\ {0} € (J{(q1,--,¢s) 1 e €N, qj € No, j # £}
=1

By (2.11) and (2.6), it can be proved as ? that

S Y IBG +2k0) - F 2P

JELK qeNG\{0}

<23 ST IfG+ 2P+ AFOPROF Y den25g)?

JELK quS\{O} qeNg\{0} (2 14)
T FOPIor@P DD d*Foni + 28

JELK\{0} g€NG\{0}
+T N fG 2 e+ 2 )P YD don(i + 28

JELK peNE\{0} q€Ng\{0}

-~

Next we continue to estimate }3;cp > cne oy [Br(f)(I + 2kq) — f(5 + 2%¢)|? in
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(2.14). We firstly estimate that

22 Z 17+ 2%q)|?

JELK qeNG\{0}
=23 > i+ 2575 + 28l IF G+ 28g))?
JELK qeNE\{0}

=272 NN 278 4 gl 2]+ 28] (G + 28 (2.15)
JELK geNg\{0}

<27t NN ||+ 28|12 TG+ 28g) 2
JELK geNg\{0}
< 2—2ku+1|f|2 o (1)
By
oe(2"q) = Pi(28q)90(2Fq) = Pu(0)¢0(2°9), Vg = (a1, ..., 4s) € N,

we get

4FO) P10 Y (e (28g)

e\ ~
=4|F(0)P16r(0)P[Pe(0)Pd* >~ |¢o(2q)[?
~ = €N;\{0}
=4O Y |eo(2" )
q€N;\{0} . )
=4f O > ja? - ad a2 e
4G\ {0} (2.16)
2 J
< 4|f(0 IZZIQ‘”I2 S]] e @
L= 1qtz 1 qj€No,jAL j#L
1
< 4|f(0)? | }‘7‘”|2
; ; Hjﬂ(l — |a2"]?)

§4|f(0)|2Hs (1_| 7 Z|a

j=1
of which the second identity derives from
|91(0)] = |Pc(0)][ o (0)] = | P (0)]

and (2.6). The sum 43¢ 1, 1oy 1702100012 e oy 24100 G+ 250)|2 in (2.14)
is estimated by

43" ORISR > d*[on(i + 2%
Jeﬁk\{o} q€Ng\{0} T .
=4 Y fG)Fat YD d*dtel a2 a2 e (2.17)
aeﬁk\{O} €N\ {0} '
1 G
<4|fll3=5 > lai .

o= lef'P) =
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Similarly,
43 3 G+ e+ 2P Y d*anli + 25
JELK peNg\{0} qeNg\{0}

=43 > Y TGPl el a2 e} g

JELK peN\{0} quS \{0}

k
<AlIfll3 = la |*.
1= (1= laf" 2 Z

(2.18)
Now we deduce from(2.12)-(2.18) that (2.8) holds. |

Algorithm 2.2. -
Step 1: Let do(e”) = [[5_, m with a; € D\{0}. Construct Py1; =

5 -5 —(k+1)/2
{PkJrl( >}"€£k+1 S S(2k+115)7 k S NO, SuCh that |Pk+1(n)| = d_MW =
(k+1)/2
W, where n = (nl,ng, .. .,TLS).

Step 2: Implementing inverse discrete Fourier transform on ﬁg: by (2.4), we
get Pk-i-l = {Pk+1(n)}n6£k+1'

Step 3: For any f € H2(T®) N W¥(T*), v > 0, it can be approximated by
(2.7), where a = (aq,...,as) and o is defined in (2.1). The approximating error
[1f = Br(f)l]2 is given by (2.8).

Numerical Experiment 2.3.
In this experiment, we use Algorithm 2.2 to approximate

1 + gle
it
) = 1.5 — beiltrttz) 4 9261(t1+2t2) it

(t17t2) € [Oa 27‘-)2591 € C7927b € Dv

by the following procedures holding for approximation to other signals in H?2(T?).
Step 1: Select
1
(1 — 616“1)(1 — 626“2) ’
where ay,a; € D\ {0}. Obviously, Lr = {(n1,n2) : n1,n2 € {0,1,...,2% — 1}}.
Construct Py = {Pk( Vnec, € S(2%11), k € Ny, by

P 47]6/2

1 Qg

¢O (eit) _

Step 2: Implementing IDFT on P, by (2.4), we get P, = {Py(n)}nec,-
Step 3: For sufficiently large k, f can be approximated by

_ Z Z Z ka(gl)f(aoei27r27k(€”+€/+€))¢O(ei(»—27r27k(€+€')))7

leL Vel el
(2.20)

where a = (a1, as).
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Table 1 shows the approximating error ratios

ILf = B ()]l [Re(f = Br ()2 [Mm(f = Br ()2
1] [Re(f)]l2 [Tm(f)][2

corresponding to different choices of g1, g2, b, k, a1 and a2, where || - ||2 is approxi-
matively computed by

ratiol = , ratio2 =

, rattod =

79 79

|F||2~ (ZZ|F i557 (i85t )|2)1/2,F€H2(T2)7

7=0¢=0

and Re and Im are the real and imaginary parts, respectively. See Figure 1 and
Figure 2 for the graphs of Re(f), Im(f), Re(Br(f)) and Im(Px(f)) corresponding
to the third and last rows of Table 1.

g1 92 b ratiol ratio2 ratio3 k ai as

1 0.3 0.2778 0.05677 0.0391 0.1103 1 0.0672 0.0110
1 0.3 0.2778 0.0020 0.0014 0.0038 2 0.0272 0.0110
0 0 0.6667 0.1975 0.1270 0.4444 1 0.0056 0.0053
0 0 0.6667 0.0390 0.0251 0.0878 2 0.0056 0.0053
0 0 0.6667 0.0015 0.0010 0.0035 3 0.0056 0.0053

Table 1. Every row of this table shows the approximating error ratios corresponding to different
choices of g1,92,b,k,a1, and as.

2.2. Application: decomposing a signal into mono-component by
analytic samples

Next based on Theorem 2.1, we shall approximately decompose a signal in H?(T)

into mono-components. We first investigate the decomposition of the Cauchy kernel

on D. For any a € D\ {0}, the function —L—,¢ € [0,27), can be decomposed by
1 1, et—a et

==(- )., (2.21)

- - _
1 — qet a 1l—aet 1-—aet

Recall that fi:ei is the boundary value on unit circle of M&bius transform, and is

. 7’t77 y .
a mono-component %22, Precisely, £—% = e'%«(*) with

alsin(t—50) ) 1= Jaf?

04(t) =t + 2arct : B ’
(t) =t + 2arc T la| cos(t —vq) @ 1- 2|a| cos(t — va) + [af?

where t € [0,27) and a = |ale”=. On the other hand, 15— is a starlike function,
in particular, a convex function, and a mono-component as well 22. Calculate
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Fig. 1. The graphs of Re(f), Re(Bx (f)), Im(f), and Im(Px (f)) corresponding to the third row of
Table 1 are shown on (a)-(d), respectively.

e’ . et —a
1—ae® |1 —ae?|?
et — |ale= e
o [1 — aett|?
|eit —E|ei6“(t)
[1 — ae’t|?
004 (t)

- [1— aeit|’
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4
3
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¢_l ? mmmm""’."m"’\‘lmm\‘l‘l.‘.\’ﬂ’ﬂ’\\\I1MuuwlﬂﬂuuMwMMuwkuu mm"”}"""’m"m“m""\‘\"m‘\\wuﬂunnunh\uuuuvvuMwmmww
g A A A ..
LR O
N A (I
| .

Il
il

! 2
il il
> 00 > e
B R
g | el 5 | L
i 7
i g Yy p M
e 0 T i
L t 2 0

Fig. 2. The graphs of Re(f), Re(Br(f)), Im(f), and Im(Px(f)) corresponding to the last row of
Table 1 are shown on (a)-(d), respectively.

_ sin t+|a| sin v, ’ _ 1—|a| cos(t+va)
where @a(t) = arctan m, and @a(t) = 1—2\a\cos(t+v(1)+\a\2_’ te [O, 27T> See

Figures 3 and 4 for the graphs of ¢/, ,_; ,s(t) and © , . ; ,s(t),j =0,1,...,7. In
a word, the Cauchy kernel on D can be decomposed into two mono-components by
(2.21).

Denote

1 . )
m = ¢¢1z(elt) + (bi(en)

with ¢? (e!) = —a(‘ig:“) and ¢2 (e') = a(lfi%re“) Since P (f) in (2.10) tends to f
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Frequency

Frequency

Frequency

Frequency

Frequency

Frequency

Frequency

Frequency

Fig. 3. The graphs of ¢’

i2w2—J /23 ().

e

as k — oo, we regard P (f) as the approximate decomposition of f for sufficiently
large k. That is, f is approximately decomposed into mono-components as follow

He =30 3 3 SRR fae T (g

LELp L ELE L' ELE n=1

(2.22)
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Fig. 4. The graphs of © . /23 (t).

e

for sufficiently large k. The approximating error of (2.22) is estimated by (2.8).

3. Analytic sampling approximation to a signal in L2(T*®)

Making use of Hilbert transform H defined in (2.2), we shall apply the approxima-
tion scheme in Theorem 2.1 to the setting of L?(T*). Recall that Hilbert transform
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has the alternative Fourier series expression
Hf(t) =Y —isgn(k)[(k)e'™, t € [0,27),Vf € L*(T). (3.1)
kEZ

Since we treat s real variables, we denote by H) the Hilbert transform with respect
to the jth variable t;, namely, for t = (t1,t2,...,ts) € [0, 27)5,

2m

) 1 t;
HY f(t) = e flt, ot 1,2, tia,. .. ts) cot J Tz, Vf € L¥(T?),
j=1,...,s. Now we define the projection operators
PO = Lf il HO () = (I +iHW),

J)
£1) Lf—idHO f(t) = (I —iH),

where [ is the 1dent1ty projection. It is straightforward to see from (3.1) that the
Fourier series of P1 f and P(J1 f take the form

et):i YooY Y Y e,

nj=0ni€Z nj_1€4n; 1€%L ns€Z

Z Z Z Z ...Zdneint

nj=—00ni€Z nj_1€Lnjy1€% ns€Z

n=(ny,ng,...,Ng).

Now we accordingly have the following expression

f= H(P(J)
=1
- Z pPLOPR - pl) g
€1 €2 €s

e;€{1,—1},j=1,....;s

(3.2)

Theorem 3.1. For any f € WY(T®), v > 0, a = (a1, a2,...,as) € D° with a; #
0,j =1,2,...,s, we can construct rational polynomials Pr(f),k € Ny, such that
Pr(f) tends to f as k — oo, and the approzimating error is estimated by

12| f(0)[2 + 2543 .
IPL() ~ T < 2% g2 + HE DS
FO)2 +2° 1511
+ R
M- ) 2

Moreover, Py (f) can be expressed by the analytic samples of Pé(ll)PE(f) .. .Pé(f)f de-
fined in (3.2), where ¢; € {1,—1},5=1,...,s

Proof. Let fo, c.(t1,...,ts) = Pe(1 )Pe(z) ) .Pe(f)f(eltl, ..., €sts). Obviously,
Jereo(ti, . ts) € H?(T®). By Algorithm 2.2, we can construct Pi(fe,.. c.) €
H2(T*) such that

Br(fer,e) 1y osts] = feroe b1, ts] as k — 00, (3.3)



January 19, 2013 12:17 WSPC/WS-IJWMIP ws-ijjwmip

16  Youfa Li & Tao Qian

and the approximating error is given by (2.8) with f being replaced by f,

.....

Precisely,
- 1 fer, e ll3 ¢
Ferree = BrFerre) B < 20fer, e By g2 o g b2 Z| ik
[Tj (T = laf" )
+ (|f€1 »»»»» 63( )|2+2||f€1 »»»»» €s %)i|a§k|2
= .
Hj‘:l(l - |a? |2) /=1

(3.4)
Replacing t; with €;t;,7 =1,...,s, gives us that

Bro(fer,e)erts, .y ests) — POPE L PS f(ty,.. . ts) when k — 00 (3.5)

with the error estimation being the same as in (3.4). Denote

Pi(f) = > Bie(fer, et ot

e;€{1,—-1},5=1,..., s
It follows from (3.2), (3.5), and (3.4) that Py(f) — f when k — oo, and

I1F = Pr(f)I3
< 2% Z ||f€1,...,es - %k(fm,...,es)ng

eje{l,~1}.j=1,..,s

AFO)P + 8UFO) + 2°1113) =, ot 2
H§:1(1—|a§k|2> ;'“f'

< 2S+1|f|%v;(1rs)2_2ku +

(FOR + 21712
TIEL e Z'

= 2S+1|f|%v;(1rs)2_2ku +

BEIC )I2+25+‘°’||f||2

) M0 &
FOP + 21718 5~ 2

+ % )
T, (1 a2 P) ; |

where we use fc,....,(0) = f(0)/2° and > [ fer,meell3 < 1FOP/2° +

eje{l,~1}.j=1,...s

||£]|5 in the second inequality.

Recall that Pé(ll)PE(f) . ..Pé(f)f is analytic on ®;:1 B(e;), where the map P
is defined by P(1) = D and P(-1) = C\ (D U {0}). It follows from (2.20)
that Pr(fey,.. e )[t1,---,ts] in (3.3) can be expressed by its analytic samples on

&5_1 B(e))- Precisely,

%k(fflx 76)
Z Z Z [P(q, ,e)g//) (€1, ’ES)(E/)P(I P(s f((aoei2ﬂ-2’k(2”+2’+f))(el

0EL) ULy £ELy,
k
X o (el =22+l )))(51,...,63))}7

.....
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where g(c%) = (¢51,...,¢%) for any g = (g1,...,95) € C°, PV and

P,iel""’es) are some sequences in S(25+11,) constructed by Algorithm 2.2. Therefore,

Pk(f): Z Z Z Z PISGI""’ES)(6//)P]561""’63)(€/)

e;€{1,—1},j=1,...,s €Ly £ ELY U'ELy,
><P€(11) o Pe(f)f((a o ei27r27k(f”—i—f'-}-é))(el,...,es))¢O((ei(»—27r27k(€+€')))(61,...,63)) 7

namely, Py (f) can be expressed by the analytic samples of Pe(ll)Pe(Q2 ). .Pe(f) fo O
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